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PDE system given by:
8tvk—|—ddik:7“k—|—gk fork=1,...,N

Multiply by A.:

> Agdivgg — D ATE =D Ak
k k k

= div(}_ Mear) — D Ve
k k

If (%), then in Jtg,t1[xS2 the “free energy identity” is

87511) -+ diV(Z )\qu)
k

-|-( > Vage(—aqr) + > Ap(—r) ) = 2 MGk

=.:D>0

H.W. Alt Split (Croatia) June 13.-15. 2011



orw + div() Mear) + ( > Ve (=) + > Ak(—ri) ) = Mg
k _k k k

7

=:520

Integral version of the “free energy equality”

t1 t1
/ / 8tw d|_1 dLn —|— / / Z V)\k:.(_%) —|— Z )\k(—rk) dLn dLl
to Q

mtegrate int — D>

/ /dlv(ZAqu)dL dL; + / /Zxkgkdl_ dLq

to to Q

boundary data external terms
leads to
t
/w(tl,x)dw—l—/ / > Vape(—ar) + > Ap(—ri) dlndly
Q to Jo 7 P
— D>0
t

= /w(to,x) dz —+ / / (ZAqu)wdHn_ldLl + (external terms)

RaY; to JOQ

initial data

boundary data
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Oy, + divgr, = ri. + gi fork=1,...,N, (*) 8tw=2k)\k8tvk
Orw + div() . Akar) + D =), Aegr, D=5, Veo(—aqr)+ > A(—7r5)>0

“Independent variable u = (Uk)p=1.. N
M = Mp(u), vy = Br(u), w= f(u) free energy
Ouf (u) + div (>, Me(w)agr) + D = go
D=5, Vx(u)e(—qr) + >, M(u)(=m£)=> 0
go = >, Mp(u)gy free energy production

and (x) is equivalent to

ow = Zk MO, = Zk Ak(u)0iBr(u) = Zkl Ak(u)ﬁk’ul(u)atul

= O f(u) = > fru,(u) Oy
that is

(%) fr(u) = ; A(u)Brn,(u)  (integrability conditions on )
If multipliers are independent variables M\, = u,
(%) fr(u) =) upBr,(u)  (integrability conditions on )

Lemma Property (x) is satisfied if and only if

3 Be(u) = (u) fork=1,...,N
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Proof:

> L ukOivy = Oyw > 1 w0 = Oyw
v=LF(u), w= f(u)|= B(u)-+ const u=p"(v), w=1v*(v)
— =
> x kO Br(u) = 0 f (u) > i B (g) Oy, = Opp* (v)
= =
2kt Wk B (w)Oruy = 3y fru, () Opu >k Bi(up) 0o, = ) 97, (v) Oy,
= —
ij U’kﬁk’uz(u) — f’uz(u) BZ(,U]{) — wjkvk(lv>
—
D>t kB, (W) 3k OkmBrru (W) = fruyu, (w)
— Bmluz(u)
=N
Bmn,(u)  symmetric in m, I
—
Br(u) = Y, (u) fork=1,...,N
—
B(u) = uef(w) —w(w)  ( Bw) =v () w(u)+ () =uev )
satisfies
B, (u) = (ueB(u) — p(u))w, = D)tk (u)
= =
(top) (top)
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atvk:"‘diVQk;:Tk_'_gk fork=1,...,N
Orw 4+ div()_, Akqr) + D =), Apgr (free energy)

(vk = ug, Ay = ug, 7x = 0)
Orup + divgy, = gr, g = — Y, ap(u)Vuy, fork=1,...,N
(%) Orw = ), A0 = >, upOsuy, = 8t( S u? w = %Zk u?
01('5") + div( Ty ukar) + D = Yy usgs
D =)>", Vuge(—qr) = >, an(u)VureVu,> 0, if (ag(u)),; >0

(A=wu, r=0)
e A. Visintin. Models of Phase Transition. 1996

v + div(—=Vu) =g, v = pB(u), [ monotone increasing (containing a jump)
(%) Orw = AOw = udB(u) = ub’'(u)du = O fg sB'(s)ds, w= fg’ sB'(s) ds
ow + div(—uVu) + D = ug

= |Vul?> 0
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Chapter 4

L 1-semigroup Theory of Nonlinear Diffusion
C.J. van Duijn

e Ph. Clément, H.J. A.M. Heijmans, S. Angenent,
C.J. van Duijn, B. de Pagter. One-Parameter Semi-
groups. CWI Centrum voor Wiskunde en Informa-
tica, North-Holland 1987

ur = (u"™)zz, uw >0 density, m>1
f(w+ (—u(u™)).+D =0, f(u)= %|u|2 free energy

D =u; - (u™)y = mu™ t|u,l? >0

I. INTRODUCTION
Consider the initial value problem

u, = (Pplu))x, (1,x)e(0,0)XR,
(D {u{(],x) = up(x), x€R,

where ¢ is a maximal monotone graph in R? with domain X¢): see Section
2.1 and Appendix 1. Equations of this type arise in many problems of physi-
cal interest.

EXAMPLE 4.1.

(a) The Porous Media Equation, where ¢(u) = |u|™ sign (u), m=0.

(b) The Stefan Problem, where ¢ is constant on an interval / C%X¢) and
strictly increasing on ®X¢) \ /.
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vt = (p(v))zz, ¢ constant on interval, monotone increasing
u= ), v=¢(uw) =), B hasajump, monotone increasing

B(u): + (—ug): = 0 (see example above)

3. THE CASE SR(B8)C(0, 00)
This case arises when studying the nonlinear diffusion equation

u, = (logu)yy, u=>0.

Then ¢(u)=log u and B(w)=e". Consider again Problem (P) which we
denote here by

—w"” + B(w)3f, onR. (Py)

Based on the knowledge obtained in the previous section we define

DEFINITION 4.16. A function w:R—R is a solution of (Py) for fe L (R) if
(1) w,w’ are locally absolutely continuous on R,

(1) flx)+w"(x)eB(w(x)) a.e. on R,

(ii1) w'(Fo0)=0.

We also introduce

v = (p(v))az, p(v) =logv, ©v>0
u = p(v), = ¢ " (u) = B(u) = expu
B(u)t + (—uz)z =0
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Let uye9A,) and let e=0. Consider the backward difference scheme
u(t)—u(t —e) = edyu 1), >0,
w(ty= g, t<0.
Then u (t)=EX*u (t —¢) for t >0. We iterate to find:
u(r) = (E& )+ 1y, for >0,

where [1/¢] is the largest integer in the interval (— oo0,/¢]. The semigroup gen-
eration Theorem 2.3 gives that

u(t) = Ty (t)ug = lill?71 u(r)
exists uniformly on [0, T'], for any 7>0, i.e.
l:f(‘]'llscill‘l}.’]HT)g(l)uO —u)ll, =0.

It follows from the maximum principle for Ef' that when uoef*D(—A;-)ﬂLw(lﬂ)
such that m<uy(x)<M, then u(z,x): =Ty, (1)uo(x) satisfies

m=u(t,x)<M, ae. in [0,00) XR.
Moreover, since Ef‘ is order preserving we have,

ug(x)=vo(x) a.e. on R implies u(z,x)=v(t,x) a.e., in [0, 0) XR,

where v(t,x): =T, (t)vo(x) for (1,x)€(0,00)XR. Finally, we have conservation
of mass:

fu(f,x)dx = fug(x)dx* for all ¢>0.
R R

THEOREM 4.24. Let ugeo)(A o)L (R) and ¢:*N$)—R borh continuous and
nondecreasing such that either $(0)=0 and O€ int Nep) or W) C(0,00). Then
u(t,x) is a weak solution of Problem (1) and satisfies lim, ollu@)—ugll, =0.

Proor. Clearly, B=¢ ' satisfies the conditions of Sections 4.2 and 4.3. Then
define u (t)=(Ex* }*9*uy for 1>0 and u(t)=uqy for 1<0. The function
u,(1,x) satisfies for each ¢ >0,

L (ut.) — w1 =€)} = Agu(t,x), in ¥(0,00),
or

%{u.(l,x) —u(t—€x)} =w/(t,x), in V(0,0),

or, with £eCf (R):

Method for construction of a solution:

backward difference scheme

[C.J. van Duijn]

4.5 Continuous dependence on ¢ 111

%Rf{u[(r,x) e G e S L wa((:,x}g”(x)dx =)

where w,=¢(u,). Next let {eC§°(0,00). Multiply the equation by { and
integrate. This gives

_Tf%_{u((lyx) g u((f ‘”’(.,)C)}f({).f(x)dx — | ff‘i’(u:(f,-’f))f(t)g"(x)dx_
0R R
Set f(z,x) = {(#)4(x). Then

e
€

J{uet,x) —u i —ex)}fit,x) =
R

19
€

o\_____\g c""‘--S

'{uc(z,x)f(r,x) = % jffue(r,x)f(t +ex) =

—eR
- <]
ggr,x;r-[grﬂ,xg
{(‘ 1
Jﬁfu 1.X) ”

since feC§ ((0,00) XR). To take the limit for €|0, we use that (1) u,—u ae.,
(i1) ¢(u)—p(u) a.e. (by the continuity of @), (iii) llucll, <llugll, for all €0,
and (iv) the dominated convergence theorem. We obtain

[ [, x)f(t,x) — dlu(x,0))futx)} =0,
0OR
for all feC§ ((0,00)XR). O
REMARK 4.25. BREZIS & CRANDALL [1979] showed that if $:R—R is continu-

ous and nondecreasing, and if ¢(0)=0, then bounded weak solutions of Prob-
lem (I) which satisfy lim, gllu(t)—ugll; =0 are unique.

H.W. Alt
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e G. Duvaut, J.L. Lions. Inequalities in Mechanics
and Physics. Grundlehren der mathematischen Wis-
senschaften 219. Springer-Verlag 1976

e HW. Alt, S. Luckhaus. Elliptic-parabolic differen-
tial equations. Math. Z. 183, pp. 311-341 (1983).

1.4. Weak Solution. Assume 1.3. We call ueu®+I(0, T; V) a weak solution of
the initial boundary value problem (0.1)-(0.3), if the following two properties
are fulfilled:
1) b(wyeL*(0, T; L'(R)) and 8,b(u)eL”(0, T; V*) with initial values b°, that
is,
T T
J<0,b(u), >+ [ [ (b(w)—b°)8,{=0
0 00
for every test function (eL’(0, T; V)nH (0, T; L*(R2)) with {(T)=0.
2) a(b(u), Vu), f(b(u)eL"(]0, T[x Q) and u satisfies the differential equa-
tion, that is,

for every (eL(0, T; V).
The main tool for proving the existence of a weak solution. is to give an
energy estimate, which follows, if we can justify the formula

d,b(u)- u=B(u(T))— B(u°).

Oy

This is done in the following lemma (see also Remark 1.6).

e S. Luckhaus, A. Visintin. Phase transition in mul-
ticomponent systems. manuscripta math. 43, pp.
261-288 (1983).

H.W. Alt Split (Croatia) June 13.-15. 2011 11



e HW. Alt, E. Di Benedetto. Nonsteady flow of
water and oil through inhomogeneous porous media.
Ann. Sc. Norm. Super. Pisa, Cl. Sci., IV. Ser. 12,
335-392 (1985).

The flow of two immigcible fluids through a porous medium is described
by (see e.g. [2] (9.3.25) and [3] (6.36), (6.52))
(1.1) 9,8,— V- (k(Vp, +¢)) =0, i=1,2
with
8, = 8@y, pr—Ps) and k; = k(w, 8,) ,
and

{12} Sl(i‘, Dy I"z) 3 ﬁg{frf _’PJ__'P:&) o Sn(m) .

and for all (v, v,) € Jb the inequality

T
(1.8) _Zlsz(i';sf{fh—?z)m——z?f} + Ei(sid(p—p))(Vpi+ ) V(v,—p,)) =0
o0 g

is satisfied. This weak formulation may be inaceurate in two points. First
d,s; needs not to be a function, and secondly Vp, may explode near the
set {k; = 0} and therefore it may be well defined in the sense of distribu-
tion. Because of this we did not specify the topology in the above defini-
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e HW. Alt, E. Di Benedetto. Nonsteady flow of
water and oil through inhomogeneous porous media.

Ann. Sc. Norm. Super.

335-392 (1985).

Pisa, Cl. Sci., IV. Ser. 12,

(2.1) f(h”{sl(pi—f?g}(il)—5”(“2-‘)

. : ( !Zk”s-{ pr—Ps)) Vu,[®
:i . .
; -'rH( i(P1— P}}

2

t

[ [Fou(S bulatnimpa) Vot kinipmpo)e)).

02

2.4. DEFINITIONS. We set

o

sup
!;I('II} z} = ymln{;{l-ﬂl:*i}maxj.(z _31["?‘! §]) d&t .

0

Then

P(a, 8,(x, 2)) J (@, 2) —8,(, §)) A€

0

t
< Z (J.(-"'s’-.r}}u —Pa) (D) vi(t7) — 85 'U:'(“}) _ffss[:P1 — Ps) 0404
; 0 2

e | i 2!’-';;-{8;{}"1—_?!-;1]?%5-f-!.-)
i

H.W. Alt
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e Pseudo-monotone operators

e HW. Alt. Ellptische Probleme mit freiem Rand.
Vorlesungsreihe SFB 256, No. 21, Bonn, Juli 1991

Wir beweisen den folgenden abstrakten Existenzsatz:

2.1 Existenzsatz. Es sei V ein separabler, reflexiver Banachraum, M C V
konvex, abgeschlossen und nichtleer und F : M — V* habe die folgenden
Eigenschaften:

(2.1.1) F sei beschrinkt auf beschrinkten Teilmengen von M.
(2.1.2) F sei koerziv beziiglich eines Punktes up € M, d.h. es gilt

(u — o, F(u))
lu — uoll

— 00 fiir v € M mit ||u|| — oo.

(2.1.3) F erfiille die folgende Stetigkeitsbedingung fiir v € M, u* € V* und
jede Folge (um)mEIN in M:

Uy — u schwach in V (u —v,F(u) —u*) <0 fiir allev e M
F(um) — u* schwach* in V* | _, und
lim sup(Um, F(um)) < (u,u*) lim sup(tp,, F(um)) = (u,u*) .

Dann existiert eine Lésung v € M der Variationsungleichung

(u—v,F(u)) <0 fiir allev € M

H.W. Alt
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V separable reflexive Banach space

Constraint M C V nonempty closed convex, F: M — V*
Assumptions:

F maps bounded sets of M into bounded sets of V*
Let wm,u € V and v* € V* with

Um,u € M and u,, — v weakly in V for m — oo,
F(upy) — v* weakly* in V* for m — oo, and
limsup (um , F(um) by < (u, v)y,

m—00

then

limsup (wm , F(um) )y = (u, v*)y .

m—00

{ (u—wv, F(u) —v*),, <0 for all v & M, and }

For some uw € M there holds

(u—1u, F(u))y

||U—1_’J||V

Conclusion:

Under these assumptions there exists uw € M, so that

(u—wv, F(u)), <0 forall ve M.

— oo forue M, ||lu—ul, = oc.

H.W. Alt Split (Croatia) June 13.-15. 2011
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Proof of for monotone operators:
F = A monotone

0 < (um—v, A(um) — A() )y

— \<’LLm, A(um) >VJ — \<’U, A(um) >V/ — Sum — v, A(U) >VJ
limit — <UTU*>V — (u — 17, A() )y
<(u,v")y

For v = u it follows iMoo (um , A(um) ), = (u, v*),, and
0<(u—wv,v" —AW)),

Minty lemma (v~ (1 —¢e)u+ev=u—e(u—v) € M and € — 0)
0<(u—v,v"—A(u)),

Proof of for compact perturbations of monotone operators:

F(u) = A(u,u), uw— A(v,u) monotone

0< <’U,m — v, A(Um, um) - A(Um, U) >V

= Sum,F(’U/m)>E B éva(um)hé o éum—U,A(’U’m,’U)hé
limit — (v, v*)y S (u—v, A(u,v) )y
S <’LL, U*>V

Rest of argumentation similar as above.

H.W. Alt Split (Croatia) June 13.-15. 2011
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(u v, —(b(u@)

‘8t

@ + A(u) =0 "

D))

cEH eV*

+ u—v A@(ul)> <Oforallve M
H

In literature under
“doubly nonlinear”

B | Bear J., Dynamics of fluids in porous media, American Elsevier
7 J p ) b}
New York (1972).

[ BLi | Blanc Ph. & S.-H. Li, On a doubly degenerate equation arising
in fresh-salt water flow with pumping. Report of Dept. of Math.,
TU Delft.

[ CP ] Crandall M. & Pierre M., Regularizing effects for u; + Ad(u) =
in L', J. Funct. Analysis 45, 194-212 (1982).

[ vDH ] van Duijn C. J. & Hilhorst D., On a doubly nonlinear diffusion
equation in hydrology, Non. Anal. T. M. & A. vol. 11, No. 3,
305-333, 1987.

[ vDP | van Duijn C. J. & Peletier L., A class of similarity solutions of
the nonlinear diffusion equation, Non. Anal. T. M. & A. vol. 1,
223-233, 1977.

[ vDZ ] van Duijn C. J. & Zhang H. F., Regularity properties of a doubly
degenerate equation in hydrology, Comm. P.D.E. 13(3), 261-319
(1988).

[ F ] T. I. Fokina, A certain boundary value problem for a parabolic
equation with strong nonlinearities, Mosk. Univ. Bull. 30 (1975),
89-94.
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“ Oy b\(z:)/ + A(u) =0 "
eH %
(ui —v, %(b(uz) —b(ui_l)))H—l— <uZ — v, AY(u) >V <Oforallve M

e HW. Alt. Partielle Differentialgleichungen III.
Vorlesung Wintersemester 2003/04, Universitat Bonn.

e H.W. Alt. An abstract existence theorem for parabolic systems.
CPAA Communications Pure Applied Analysis Vol.10 pp.?7-?7 (2011)

General setting

Spaces: H Hilbert space, V separable reflexive Banach space
(V, H,V*) Gelfand tripel: V C H (= H*C VY
Constraint M C V nonempty closed convex

Parabolic: b:H — H and ¢ :H — IR convex continuously differentiable
(x) b=V
Elliptic: A: M — LP([0,T]; V¥
M= {u € LP([0,T]; M) ; B(u) € L=([0,T])}
A(u)(t) = AL, u(?))

H.W. Alt Split (Croatia) June 13.-15. 2011 18



Assumptions:

A maps “bounded” sets of M into bounded sets of LP'([0,T];V¥
b maps bounded sets of H into bounded sets of H

Let wm,,u € LP([0,T]; V) and v* € LP ([0, T];V*) with

[ un(t),u(t) € M and u,, — u weakly in LP([0,T];: V) for m — oo, )
{B(un); m € N} bounded in L*°([0,T]) and

b(um) — b(w) strongly in LY([0,T]; H),

< A(up) — v* weakly in LP ([0, T];V*) for m — oo, and >
T T

imsup | (un(t), Aw) Oy dt < [ (u(®), o @)y dt
L M—00 0 0 /
then

\

( /T (u(t) —v(t), A(u)(t) —v*(t) ), dt <0 for all v € LP([0,T];V), and
0

T T
| im sup /O (um (1), ACum) (1) )y, dt = /O (u(t), v*(8) )y di.

There is an u € M so, that for almost all ¢t €]0,T

(u—1u, A(t,u) )y > collu — u|ly, — CoBa(u) — Go(t)
for all wu € M. Here Go € L*([0,T]).
H.W. Alt
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Conclusion:

Then there exist solutions of the “evolution equation”, that is for given
ug € closy (M) there is an u € LP([0,T]; V) with

u(t) €e M for almost all ¢,
( Bu(u(t)) — Ba(uo) + (2 — (%), b(u(?)) — b(uo) )y \
+ [ (= @@ =)0, bu(®) = buo) )y
+ (u(t) — v(t), A(t,u(t)) >V> dt <0

| for almost all £ €]0,T7,
for all v € C*°([0,T]; V) with v(¢t) € M for almost all t.

Conclusion, if M C V is a closed affine set:
There is an v € LP([0,T]; V) with
u(t) € M  for almost all ¢,
T
{ /0 (= (@), b)) = blu0) ) + (9(8) s At u(®)) )y ) dt =0 }

for all ¢ € CF°([0,T[; V) with ¢(t) € My for almost all ¢.
Here Mgy C V is the subspace, such that M = w1 + Mg for every ui € M.

H.W. Alt Split (Croatia) June 13.-15. 2011
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Time discrete case

Starting point:
u' € M with
(u'é — o, (b() ~ b)) )H +(ui v, Aiui)), <0
forall ve M
where

. 1 [
A'(w) = Ap(t,w) ;= E/( | A(s,w)ds
i—1)h

u'=up(t) for (i —1h <t <ih

Plan of Proof

Basic estimates:
e Energy estimate
e [Time compactness

Proof of theorem:
e Convergence proof using pseudo-monotonicity
e Special subspace case

H.W. Alt Split (Croatia) June 13.-15. 2011 21



) 1 : 4 . .
’U,Z—’U,—’U,*Z—’u,*l_ 'U;Z—'U,'LU*Z <0
( ( >)H 4 ), <
at time ' = ih where v* ;= b(u'), w* = A" (u)
It is assumed that ¢ and s are multiple of h, say,

t=kh, t-4+s=(k+j)h
We set v =u*, sumover i=k+1,...,k+ 5. The result is

k—+3 k43
Z(uz’_ukz,u*i_ *zl Zhu—u w* >V
i=k+1 1=k+1
The left side is
k+j
Z (uz . uk:, | )H
—k+1
Z k+j k+j
— Z ((,uz7 u*i)H_ (uz” u*i—l)H> . Z (’U,k, u*i_u*z’—l)H
1=k+1 1=k+1

Now by Young's inequality it holds
(ui, u*i>H :w*(u*z) +¢(UZ)’ (ui, *1— 1) < ?70 (u*z 1) +¢(uz)

H.W. Alt Split (Croatia) June 13.-15. 2011
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we compute for the left side

k+j
Z (uz . ’U,k, u*i . u*i—l )H
i=k+1
— Z ((uz, u*z)H . (’U,Z, u*@—l)H) . Z (’LLk, w _u*z—1>H
1=k+1 1=k+1
k+j k+j
> Z (w*(u*z) w (u*z 1) Z (u*z_u*z’—l)
1=k+1 1=k+1 I
— w*(u*k—l—j) . ¢*(U*k) o (uk’ u*k+j . u*k)H
= By (u™, w0 = By (b(u"*7),b(u"), u*)
>0
Thus we have shown
0 < By (b(un(t + ), b(un(t)), un(t))
k+j
— E¢*(u*k+j, u>|<k:7 uk:) < Z (’U,Z . ’U,k, u*i . u*i—l )H
1=k+1
K] S 1< | |
Z h<uk:_uz7 w*z>v — 8._.2<uk_uk;—|—z, ,w*k:—l—z>v
i=k+1 J =1
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/O (u(s) = v(s), Ob(u(s)) )y ds =
ol 0)(®) = Balu() ~ Baluo) + (= v(0), b(u(1)) — bCuo) )
- /O (4(iE — v)(s) , b(u(s)) — b(uo) )5y ds

We have proved the inequality

7w, v) (B) + /O (u(t) — o(t) , At u(t) )y dt <O

for all v € C*°([0,T]; V) which satisfies v(t) € M. Here M now is an affine sub-
space. It follows that this inequality then also holds for all v € W1P(]0, T[; M) C
wbi(o,T[; H) N LP(]0, T[; M). Now ug € closy (M), hence there is ugs € M SO
that ugs — uo in H. Then define us as

1 [ .
/ ugs(s) ds, where us(t) 1= {
t

w(t for t > O,
us(t) = < ()
-5

) UQs for t < O,

and let v :=u;—p e W0, T[; M)
with ¢ € W1>°(]0,T[; V) and (t) € Mgy. Now (since us — w in LP(]0, T[;V))

/0 (u(t) — (us(t) —(t)), A(t,u(t)) ), dt — /o (p(t), A(t,u(t)) ), dt
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Pr(u,v) (D) = Pau,us — ) (D)
= Ba(u(®) — Ba(uo)
/ (O — us + ©)(2) , b(u(t)) — b(uo) )y dl
+ (i — us® + 9(®) . b(u(®) — b(uo) )
= Pau, us) (1)

/ (Bup(t) , b(u(t)) — bluo) ),y dt
(0@, bu®) = bluo) )y

Since liminfs_g ®z(u,us)(t) > 0 for almost all ¢t > 0 we obtain

(D, buD) - b(uo) )y )
- /O (Bup(1) , b(u(t)) — buo) )y dt + /0 (p(t), At u(t)))y dt <0

This is obviously equivalent to the assertion. Now we can replace ¢ by —p to
obtain that the left side equals zero. If we now restrict ¢ € C5°([0,T[; M), one
chooses t close to T in order to get

T T
/O (( —0p(t), b(u(t)) — b(uo) )y dt —|—/O (o(t), A(t,u(t)) >V> dt = 0

H.W. Alt Split (Croatia) June 13.-15. 2011

25



Energy estimate is

Ba(up(t)) 4+ co /Ot |up(t) —u|}, dt < C
The compactnhess lemma implies that
{b(up); 0 < h < ho} is compact in L*([0,T]; H)
From energy estimate for a subsequence h — 0O
up, — uw weakly in LP([0,T]; V)
Then there is a convergent subsequence h — 0 so that

b(up) — b(w) strongly in L1([0,T]; H)

By the boundedness condition there is a subsequence h — 0O
A(up) = A(t,up) — v* weakly* in LP*([0,T];V
Hence all convergence properties of the “continuity condition” are satisfied

with one exception. Now the time discrete inequality reads
t
b (up, 0) (B) + / (un(t) = v(t), Ap(t,un(8) )y dt < O
0

b ) ® = [ () =00, 3 bun(®)) , o
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We know
i, v) (B + /O {un(®), A un(®)y 0t < [ (00, At un(®) )y o

0
For the parabolic part

th

S (up, ) (F) = / (un(t) — o() , B "b(un(1)) ), dt

0

> /0 O Ba(un(0) dt + /O_hw—v(w, b(un(t)) — b(uo) )y it

t,—h
_% / (@t Ry, bun(®) — b(uo) )

= Ba(un(th)) — Ba(uo) + (u — va(ts) , b(un(tn)) — b(uo) )y
_ / v <8+h(u —o(t)), blup(t)) — b(uo)) dt
>— Ba(u(®)) — Ba(uo) + (u—v(@), b(u(D)) — b(uo) )y
/ (0@ — (1)), b(u(t)) — buo) )y di
= Pg(u,v)(¥)

Therefore we have proved that

lm inf D2 (up, v) () > Palu,v)(¥)
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Since equation reads
Ol (un, 0) (T) + /O Cun(t) ) ACtun(t) )y dt
< /O h (v, At ua))y 0t = /O on(t) s Al un(®) )y dt
. /O (o(8), w'(8))y dt

for h — 0, we obtain

&
liminf ®2(uy, v) (%) + lim sup/ (up(t), A, up(t) ), dt
h—0 h—0 0

< /O (o(t) , u (1) )y dt,

that is

Pi(u,v) () + lim Sup/Oh (un(t) , A(t, un(t) )y dt S/O (v(t), w'(t) ), dt

h—0

Now we come to the remaining property for the sequences in
We set v = uy:
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as § — 0. Since ®z(u,us)(t) in the limit 6 — 0 was nonnegative, we arrive at

P (u, us) (D) + limsup /O (), At un() )y dt

h—0

< /O Cus(t), u" (1) )y dt — /O (u(t) , u*(£) )y dit

Iimsup/oh<uh(t), At un(D) )y, dtg/o (u(t), u*(8))y di

h—0

This was the last property in the assumption of - and therefore

/

\

/Ot (u(t) —v(t), A(t,u(t)) —u*(t)), dt <0, and

h—0

Iimsup/oh(uh(t), At un(D) )y dt:/o Cu(t), w*(t) )y di

Plugging in the equality one gets

Sou )@+ [ (u(®) = (1) 0 () d <0

and then the inequality, therefore the assertion

Sou )@+ [ (ul®) = o(t), Au(®))y dt < 0

/
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Stationary problems in porous media:

e Alt, H.W.; van Duijn, C.J.
A stationary flow of fresh and salt groundwater in a coastal aquifer. Nonlinear Anal., Theory
Methods Appl. 14, No.8, 625-656 (1990).

e Alt, H.W.; van Duijn, C.J.
A free boundary problem involving a cusp. I. Global analysis. Eur. J. Appl. Math. 4, No.l,
39-63 (1993).

e Alt, H.W.; van Duijn, C.J.
A free boundary problem involving a cusp. Part II: Local analysis. Adv. Math. Sc. Appl. 8,
pp. 845-900 (1998)

e Alt, H.W.; van Duijn, C.J.
A free boundary problem involving a cusp: Breakthrough of salt water. Interfaces and Free
Boundaries 2, pp. 21-72 (2000)

H.W. Alt Split (Croatia) June 13.-15. 2011 30



