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Multiplicator

PDE system given by:

∂tvk + divqk = rk + gk for k = 1, . . . , N

Multiply by λk:

(∗)

∑
k

λk∂tvk︸ ︷︷ ︸
= ∂tw

+
∑
k

λkdivqk︸ ︷︷ ︸
= div(

∑
k

λkqk)−
∑
k

∇λk•qk

−
∑
k

λkrk =
∑
k

λkgk

If (∗), then in ]t0, t1[×Ω the “free energy identity” is

∂tw + div(
∑
k

λkqk)

+
( ∑

k

∇λk•(−qk) +
∑
k

λk(−rk)︸ ︷︷ ︸
=: D≥ 0

)
=
∑
k

λkgk
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∂tw + div(
∑
k

λkqk) +
( ∑

k

∇λk•(−qk) +
∑
k

λk(−rk)︸ ︷︷ ︸
=: D≥ 0

)
=
∑
k

λkgk

Integral version of the “free energy equality”∫
Ω

∫ t1

t0

∂tw dL1︸ ︷︷ ︸
integrate in t

dLn +

∫ t1

t0

∫
Ω

∑
k

∇λk•(−qk) +
∑
k

λk(−rk)︸ ︷︷ ︸
= D≥ 0

dLn dL1

= −
∫ t1

t0

∫
Ω

div(
∑
k

λkqk) dLn︸ ︷︷ ︸
boundary data

dL1 +

∫ t1

t0

∫
Ω

∑
k

λkgk dLn dL1︸ ︷︷ ︸
external terms

leads to∫
Ω
w(t1, x) dx+

∫ t1

t0

∫
Ω

∑
k

∇λk•(−qk) +
∑
k

λk(−rk)︸ ︷︷ ︸
= D≥ 0

dLn dL1

=

∫
Ω
w(t0, x) dx︸ ︷︷ ︸

initial data

+

∫ t1

t0

∫
∂Ω

(
∑
k

λkqk)•ν dHn−1 dL1︸ ︷︷ ︸
boundary data

+ (external terms)
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∂tvk + divqk = rk + gk for k = 1, . . . , N, (∗) ∂tw =
∑

k λk∂tvk

∂tw + div(
∑

k λkqk) +D =
∑

k λkgk, D =
∑

k∇λk•(−qk) +
∑

k λk(−rk)≥ 0

Independent variable u = (uk)k=1,...,N
λk = λk(u), vk = βk(u), w = f(u) free energy

∂tf(u) + div
(∑

k λk(u)qk
)

+D = g0

D =
∑

k∇λk(u)•(−qk) +
∑

k λk(u)(−rk)≥ 0

g0 =
∑

k λk(u)gk free energy production

and (∗) is equivalent to

∂tw =
∑

k λk∂tvk =
∑

k λk(u)∂tβk(u) =
∑

kl λk(u)βk ′ul(u)∂tul

= ∂tf(u) =
∑

l f ′ul(u)∂tul
that is

(∗) f ′ul(u) =
∑

l λk(u)βk ′ul(u) (integrability conditions on β)

If multipliers are independent variables λk = uk
(∗) f ′ul(u) =

∑
l ukβk ′ul(u) (integrability conditions on β)

Lemma Property (∗) is satisfied if and only if

∃ ψ : βk(u) = ψ ′uk(u) for k = 1, . . . , N
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Proof:∑
k uk∂tvk = ∂tw

∑
k uk∂tvk = ∂tw

v = β(u), w = f(u) = B(u) + const u = β∗(v), w = ψ∗(v)
⇐⇒ ⇐⇒∑
k uk∂tβk(u) = ∂tf(u)

∑
k β
∗
k(vk)∂tvk = ∂tψ∗(v)

⇐⇒ ⇐⇒∑
kl ukβk ′ul(u)∂tul =

∑
l f ′ul(u)∂tul

∑
k β
∗
k(vk)∂tvk =

∑
k ψ
∗
′vk(v)∂tvk

⇐⇒ ⇐⇒∑
k ukβk ′ul(u) = f ′ul(u) β∗k(vk) = ψ∗′vk(v)
=⇒∑
k ukβk ′ulum(u) +

∑
k δkmβk ′ul(u)︸ ︷︷ ︸
= βm ′ul(u)

= f ′ulum(u)

=⇒
βm ′ul(u) symmetric in m, l

=⇒
βk(u) = ψ ′uk(u) for k = 1, . . . , N

=⇒
B(u) := u•β(u)− ψ(u)

(
B(u) = ψ∗(v) ψ(u) + ψ∗(v) = u•v

)
satisfies
B ′ul(u) = (u•β(u)− ψ(u)) ′ul =

∑
k ukβk ′ul(u)

⇐⇒ ⇐⇒
(top) (top)
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Examples

∂tvk + divqk = rk + gk for k = 1, . . . , N

∂tw + div(
∑

k λkqk) +D =
∑

k λkgk (free energy)

Diffusion system (vk = uk, λk = uk, rk = 0)

∂tuk + divqk = gk, qk = −
∑

l akl(u)∇ul, for k = 1, . . . , N

(∗) ∂tw =
∑

k λk∂tvk =
∑

k uk∂tuk = ∂t(1
2

∑
k u

2
k), w = 1

2

∑
k u

2
k

∂t
( |u|2

2

)
+ div

(∑
k ukqk

)
+D =

∑
k ukgk

D =
∑

k∇uk•(−qk) =
∑

kl akl(u)∇uk•∇ul≥ 0, if (akl(u))kl≥ 0

Single equation (λ = u, r = 0)
• A. Visintin. Models of Phase Transition. 1996

∂tv + div(−∇u) = g, v = β(u), β monotone increasing (containing a jump)

(∗) ∂tw = λ∂tv = u∂tβ(u) = uβ′(u)∂tu = ∂t
∫ u

0 sβ
′(s) ds, w =

∫ u
0 sβ

′(s) ds

∂tw + div (−u∇u) +D = ug

D = |∇u|2≥ 0
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C.J. van Duijn

• Ph. Clément, H.J.A.M. Heijmans, S. Angenent,
C.J. van Duijn, B. de Pagter. One-Parameter Semi-
groups. CWI Centrum voor Wiskunde en Informa-
tica, North-Holland 1987

ut = (um)xx, u > 0 density, m > 1

f(u)t + (−u(um)x)x +D = 0, f(u) = 1
2
|u|2 free energy

D = ux · (um)x = mum−1|ux|2 ≥ 0
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vt = (ϕ(v))xx, ϕ constant on interval, monotone increasing

u = ϕ(v), v = ϕ−1(u) = β(u), β has a jump, monotone increasing

β(u)t + (−ux)x = 0 (see example above)

vt = (ϕ(v))xx, ϕ(v) = log v, v > 0

u = ϕ(v), v = ϕ−1(u) = β(u) = expu

β(u)t + (−ux)x = 0
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Method for construction of a solution:

backward difference scheme

[C.J. van Duijn]
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• G. Duvaut, J.L. Lions. Inequalities in Mechanics
and Physics. Grundlehren der mathematischen Wis-
senschaften 219. Springer-Verlag 1976

• H.W. Alt, S. Luckhaus. Elliptic-parabolic differen-
tial equations. Math. Z. 183, pp. 311-341 (1983).

• S. Luckhaus, A. Visintin. Phase transition in mul-
ticomponent systems. manuscripta math. 43, pp.
261-288 (1983).
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• H.W. Alt, E. Di Benedetto. Nonsteady flow of
water and oil through inhomogeneous porous media.
Ann. Sc. Norm. Super. Pisa, Cl. Sci., IV. Ser. 12,
335-392 (1985).
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• H.W. Alt, E. Di Benedetto. Nonsteady flow of
water and oil through inhomogeneous porous media.
Ann. Sc. Norm. Super. Pisa, Cl. Sci., IV. Ser. 12,
335-392 (1985).
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Elliptic existence theorem

• Pseudo-monotone operators
(abstract elliptic existence theorems)

• H.W. Alt. Ellptische Probleme mit freiem Rand.
Vorlesungsreihe SFB 256, No. 21, Bonn, Juli 1991
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V separable reflexive Banach space
Constraint M ⊂ V nonempty closed convex, F :M → V ∗

Assumptions:
(1) Boundedness
F maps bounded sets of M into bounded sets of V ∗

(2) Continuity condition
Let um, u ∈ V and v∗ ∈ V ∗ with

um, u ∈M and um → u weakly in V for m→∞,
F (um)→ v∗ weakly∗ in V ∗ for m→∞, and

lim sup
m→∞

〈um , F (um) 〉V ≤ 〈u , v
∗ 〉V ,


then {

〈u− v , F (u)− v∗ 〉V ≤ 0 for all v ∈M , and
lim sup
m→∞

〈um , F (um) 〉V = 〈u , v∗ 〉V .

}
(3) Coerciveness
For some ū ∈M there holds

〈u− ū , F (u) 〉V
‖u− ū‖V

→∞ for u ∈M, ‖u− ū‖V →∞.

Conclusion:
Under these assumptions there exists u ∈M , so that

〈u− v , F (u) 〉V ≤ 0 for all v ∈M.
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Proof of (2) for monotone operators:
F = A monotone

0 ≤ 〈um − v , A(um)−A(v) 〉V

= 〈um , A(um) 〉V︸ ︷︷ ︸
limit

≤ 〈u , v∗ 〉V

− 〈 v , A(um) 〉V︸ ︷︷ ︸
→ 〈 v , v∗ 〉V

− 〈um − v , A(v) 〉V︸ ︷︷ ︸
→ 〈u− v , A(v) 〉V

For v = u it follows limm→∞ 〈um , A(um) 〉V = 〈u , v∗ 〉V and

0 ≤ 〈u− v , v∗ −A(v) 〉V
Minty lemma (v  (1−ε)u+εv = u−ε(u−v) ∈M and ε→ 0)

0 ≤ 〈u− v , v∗ −A(u) 〉V

Proof of (2) for compact perturbations of monotone operators:
F (u) = A(u, u), u 7→ A(v, u) monotone

0 ≤ 〈um − v , A(um, um)−A(um, v) 〉V

= 〈um , F (um) 〉V︸ ︷︷ ︸
limit

≤ 〈u , v∗ 〉V

− 〈 v , F (um) 〉V︸ ︷︷ ︸
→ 〈 v , v∗ 〉V

− 〈um − v , A(um, v) 〉V︸ ︷︷ ︸
→ 〈u− v , A(u, v) 〉V

Rest of argumentation similar as above.
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Parabolic problem

“ ∂t b(u)︸︷︷︸
∈ H

+ A(u)︸︷︷︸
∈ V ∗

= 0 ”(
ui − v ,

1

h
(b(ui)− b(ui−1))

)
H

+
〈
ui − v , Ai(ui)

〉
V
≤ 0 for all v ∈M

In literature under
“doubly nonlinear”
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Parabolic problem

“ ∂t b(u)︸︷︷︸
∈ H

+ A(u)︸︷︷︸
∈ V ∗

= 0 ”(
ui − v ,

1

h
(b(ui)− b(ui−1))

)
H

+
〈
ui − v , Ai(ui)

〉
V
≤ 0 for all v ∈M

• H.W. Alt. Partielle Differentialgleichungen III.
Vorlesung Wintersemester 2003/04, Universität Bonn.

• H.W. Alt. An abstract existence theorem for parabolic systems.
CPAA Communications Pure Applied Analysis Vol.10 pp.??-?? (2011)

General setting

Spaces: H Hilbert space, V separable reflexive Banach space
(V,H,V ∗) Gelfand tripel: V ⊂ H (=⇒H∗⊂ V ∗)
Constraint M ⊂ V nonempty closed convex

Parabolic: b :H → H and ψ :H → IR convex continuously differentiable
(∗) b = ∇ψ

Elliptic: A :M→ Lp
∗
([0, T ];V ∗)

M := {u ∈ Lp([0, T ];M) ; B(u) ∈ L∞([0, T ])}
A(u)(t) = A(t, u(t))
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Assumptions:

(1) Boundedness
A maps “bounded” sets of M into bounded sets of Lp

∗
([0, T ];V ∗)

b maps bounded sets of H into bounded sets of H
(2) Continuity condition
Let um, u ∈ Lp([0, T ];V ) and v∗ ∈ Lp∗([0, T ];V ∗) with

um(t), u(t) ∈M and um → u weakly in Lp([0, T ];V ) for m→∞,
{B(um) ; m ∈ IN} bounded in L∞([0, T ]) and

b(um)→ b(u) strongly in L1([0, T ];H),

A(um)→ v∗ weakly in Lp
∗
([0, T ];V ∗) for m→∞, and

lim sup
m→∞

∫ T

0
〈um(t) , A(um)(t) 〉V dt ≤

∫ T

0
〈u(t) , v∗(t) 〉V dt,


then

∫ T

0
〈u(t)− v(t) , A(u)(t)− v∗(t) 〉V dt ≤ 0 for all v ∈ Lp([0, T ];V ), and

lim sup
m→∞

∫ T

0
〈um(t) , A(um)(t) 〉V dt =

∫ T

0
〈u(t) , v∗(t) 〉V dt.


(3) Coerciveness There is an ū ∈M so, that for almost all t ∈]0, T [

〈u− ū , A(t, u) 〉V ≥ c0‖u− ū‖pV − C0Bū(u)−G0(t)

for all u ∈M . Here G0 ∈ L1([0, T ]).
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Conclusion:
Then there exist solutions of the “evolution equation”, that is for given
u0 ∈ closH (M) there is an u ∈ Lp([0, T ];V ) with

u(t) ∈M for almost all t,

Bū(u(t̄))−Bū(u0) + ( ū− v(t̄) , b(u(t̄))− b(u0) )H

+

∫ t̄

0

(
− ( ∂t(ū− v)(t) , b(u(t))− b(u0) )H

+ 〈u(t)− v(t) , A(t, u(t)) 〉V
)

dt ≤ 0

for almost all t̄ ∈]0, T [,


for all v ∈ C∞([0, T ];V ) with v(t) ∈M for almost all t.

Conclusion, if M ⊂ V is a closed affine set:

There is an u ∈ Lp([0, T ];V ) with

u(t) ∈M for almost all t,{ ∫ T

0

(
− ( ∂tϕ(t) , b(u(t))− b(u0) )H + 〈ϕ(t) , A(t, u(t)) 〉V

)
dt = 0

}
for all ϕ ∈ C∞0 ([0, T [;V ) with ϕ(t) ∈M0 for almost all t.

Here M0 ⊂ V is the subspace, such that M = u1 +M0 for every u1 ∈M .
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Time discrete case
Starting point:

ui ∈M with(
ui − v ,

1

h
(b(ui)− b(ui−1))

)
H

+
〈
ui − v , Ai(ui)

〉
V
≤ 0

for all v ∈M
where

Ai(w) = Ah(t, w) :=
1

h

∫ ih

(i−1)h
A(s, w) ds

ui = uh(t) for (i− 1)h < t ≤ ih

Plan of Proof

Basic estimates:
• Energy estimate
• Time compactness

Proof of theorem:
• Convergence proof using pseudo-monotonicity
• Special subspace case
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Time compactness(
ui − v ,

1

h
(u∗i − u∗i−1)

)
H

+
〈
ui − v , w∗i

〉
V
≤ 0

at time ti = ih where u∗i := b(ui), w∗i := Ai(ui)

It is assumed that t and s are multiple of h, say,

t = kh, t+ s = (k + j)h

We set v = uk, sum over i = k + 1, . . . , k + j. The result is

k+j∑
i=k+1

(
ui − uk , u∗i − u∗i−1

)
H
≤

k+j∑
i=k+1

h
〈
uk − ui , w∗i

〉
V

The left side is

k+j∑
i=k+1

(
ui − uk , u∗i − u∗i−1

)
H

=
k+j∑

i=k+1

((
ui , u∗i

)
H
−
(
ui , u∗i−1

)
H

)
−

k+j∑
i=k+1

(
uk , u∗i − u∗i−1

)
H

Now by Young’s inequality it holds(
ui , u∗i

)
H

= ψ∗(u∗i) + ψ(ui),
(
ui , u∗i−1

)
H
≤ ψ∗(u∗i−1) + ψ(ui)
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we compute for the left side

k+j∑
i=k+1

(
ui − uk , u∗i − u∗i−1

)
H

=
k+j∑

i=k+1

((
ui , u∗i

)
H
−
(
ui , u∗i−1

)
H

)
−

k+j∑
i=k+1

(
uk , u∗i − u∗i−1

)
H

≥
k+j∑

i=k+1

(
ψ∗(u∗i)− ψ∗(u∗i−1)

)
−

uk ,

k+j∑
i=k+1

(u∗i − u∗i−1)


H

= ψ∗(u∗k+j)− ψ∗(u∗k)−
(
uk , u∗k+j − u∗k

)
H

= Eψ∗(u
∗k+j, u∗k, uk) = Eψ∗(b(u

k+j), b(uk), uk)

≥ 0

Thus we have shown

0 ≤ Eψ∗(b(uh(t+ s)), b(uh(t)), uh(t))

= Eψ∗(u
∗k+j, u∗k, uk) ≤

k+j∑
i=k+1

(
ui − uk , u∗i − u∗i−1

)
H

≤
k+j∑

i=k+1

h
〈
uk − ui , w∗i

〉
V

= s ·
1

j

j∑
i=1

〈
uk − uk+i , w∗k+i

〉
V
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Proof of subspace case∫ t

0
(u(s)− v(s) , ∂tb(u(s)) )H ds =

Φū(u, v)(t) := Bū(u(t))−Bū(u0) + ( ū− v(t) , b(u(t))− b(u0) )H

−
∫ t

0
( ∂t(ū− v)(s) , b(u(s))− b(u0) )H ds

We have proved the inequality

Φū(u, v)(t̄) +

∫ t̄

0
〈u(t)− v(t) , A(t, u(t) 〉V dt ≤ 0

for all v ∈ C∞([0, T ];V ) which satisfies v(t) ∈M . Here M now is an affine sub-
space. It follows that this inequality then also holds for all v ∈W 1,p(]0, T [;M) ⊂
W 1,1(]0, T [;H) ∩ Lp(]0, T [;M). Now u0 ∈ closH (M), hence there is u0δ ∈M so
that u0δ → u0 in H. Then define uδ as

uδ(t) :=
1

δ

∫ t

t−δ
ũδ(s) ds, where ũδ(t) :=

{
u(t) for t > 0,
u0δ for t < 0,

and let v := uδ − ϕ ∈W 1,p(]0, T [;M)

with ϕ ∈W 1,∞(]0, T [;V ) and ϕ(t) ∈M0. Now (since uδ → u in Lp(]0, T [;V ))∫ t̄

0
〈u(t)− (uδ(t)− ϕ(t)) , A(t, u(t)) 〉V dt −→

∫ t̄

0
〈ϕ(t) , A(t, u(t)) 〉V dt
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Also

Φū(u, v)(t̄) = Φū(u, uδ − ϕ)(t̄)

= Bū(u(t̄))−Bū(u0)

−
∫ t̄

0
( ∂t(ū− uδ + ϕ)(t) , b(u(t))− b(u0) )H dt

+ ( ū− uδ(t̄) + ϕ(t̄) , b(u(t̄))− b(u0) )H

= Φū(u, uδ)(t̄)

−
∫ t̄

0
( ∂tϕ(t) , b(u(t))− b(u0) )H dt

+ (ϕ(t̄) , b(u(t̄))− b(u0) )H

Since lim infδ→0 Φū(u, uδ)(t̄) ≥ 0 for almost all t̄ > 0 we obtain

(ϕ(t̄) , b(u(t̄))− b(u0) )H

−
∫ t̄

0
( ∂tϕ(t) , b(u(t))− b(u0) )H dt+

∫ t̄

0
〈ϕ(t) , A(t, u(t)) 〉V dt ≤ 0

This is obviously equivalent to the assertion. Now we can replace ϕ by −ϕ to
obtain that the left side equals zero. If we now restrict ϕ ∈ C∞0 ([0, T [;M), one
chooses t̄ close to T in order to get∫ T

0

(
(−∂tϕ(t) , b(u(t))− b(u0) )H dt+

∫ T

0
〈ϕ(t) , A(t, u(t)) 〉V

)
dt = 0
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Sketch of proof of final theorem
Energy estimate is

Bū(uh(t̄)) + c0

∫ t̄

0
‖uh(t)− ū‖pV dt ≤ C

The compactness lemma implies that

{b(uh) ; 0 < h < h0} is compact in L1([0, T ];H)

From energy estimate for a subsequence h→ 0

uh → u weakly in Lp([0, T ];V )

Then there is a convergent subsequence h→ 0 so that

b(uh)→ b(u) strongly in L1([0, T ];H)

By the boundedness condition (1) there is a subsequence h→ 0

A(uh) = A(t, uh)→ u∗ weakly∗ in Lp∗([0, T ];V ∗)

Hence all convergence properties of the “continuity condition” (2) are satisfied
with one exception. Now the time discrete inequality reads

Φh
ū(uh, v)(t̃) +

∫ t̃

0
〈uh(t)− v(t) , Ah(t, uh(t) 〉V dt ≤ 0

Φh
ū(uh, v)(t̃) :=

∫ t̃

0

(
uh(t)− v(t) , ∂−ht b(uh(t))

)
H

dt
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We know

Φh
ū(uh, v)(t̄h) +

∫ t̄h

0
〈uh(t) , A(t, uh(t) 〉V dt ≤

∫ t̄h

0
〈 v(t) , Ah(t, uh(t) 〉V dt

For the parabolic part

Φh
ū(uh, v)(t̄h) =

∫ t̄h

0

(
uh(t)− v(t) , ∂−ht b(uh(t))

)
H

dt

≥
∫ t̄h

0
∂−ht Bū(uh(t)) dt +

1

h

∫ t̄h

0
( ū− v(t) , b(uh(t))− b(u0) )H dt

−
1

h

∫ t̄h−h

−h
( ū− v(t+ h) , b(uh(t))− b(u0) )H dt

= Bū(uh(t̄h))−Bū(u0) + ( ū− vh(t̄h) , b(uh(t̄h))− b(u0) )H

−
∫ t̄h−h

0

(
∂+h
t (ū− v(t)) , b(uh(t))− b(u0)

)
H

dt

≥−→ Bū(u(t̄))−Bū(u0) + ( ū− v(t̄) , b(u(t̄))− b(u0) )H

−
∫ t̄

0
( ∂t(ū− v(t)) , b(u(t))− b(u0) )H dt

= Φū(u, v)(t̄)

Therefore we have proved that

lim inf
h→0

Φh
ū(uh, v)(t̄h) ≥ Φū(u, v)(t̄)
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Since equation reads

Φh
ū(uh, v)(t̄h) +

∫ t̄h

0
〈uh(t) , A(t, uh(t) 〉V dt

≤
∫ t̄h

0
〈 v(t) , Ah(t, uh(t) 〉V dt =

∫ t̄h

0
〈 vh(t) , A(t, uh(t) 〉V dt

−→
∫ t̄

0
〈 v(t) , u∗(t) 〉V dt

for h→ 0, we obtain

lim inf
h→0

Φh
ū(uh, v)(t̄h) + lim sup

h→0

∫ t̄h

0
〈uh(t) , A(t, uh(t) 〉V dt

≤
∫ t̄

0
〈 v(t) , u∗(t) 〉V dt,

that is

Φū(u, v)(t̄) + lim sup
h→0

∫ t̄h

0
〈uh(t) , A(t, uh(t) 〉V dt ≤

∫ t̄

0
〈 v(t) , u∗(t) 〉V dt

Now we come to the remaining property for the sequences in (2).
We set v = uδ:
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Φū(u, uδ)(t̄) + lim sup
h→0

∫ t̄h

0
〈uh(t) , A(t, uh(t) 〉V dt

≤
∫ t̄

0
〈uδ(t) , u∗(t) 〉V dt −→

∫ t̄

0
〈u(t) , u∗(t) 〉V dt

as δ → 0. Since Φū(u, uδ)(t̄) in the limit δ → 0 was nonnegative, we arrive at

lim sup
h→0

∫ t̄h

0
〈uh(t) , A(t, uh(t) 〉V dt ≤

∫ t̄

0
〈u(t) , u∗(t) 〉V dt

This was the last property in the assumption of (2), and therefore
∫ t̄

0
〈u(t)− v(t) , A(t, u(t))− u∗(t) 〉V dt ≤ 0, and

lim sup
h→0

∫ t̄h

0
〈uh(t) , A(t, uh(t)) 〉V dt =

∫ t̄

0
〈u(t) , u∗(t) 〉V dt


Plugging in the equality one gets

Φū(u, v)(t̄) +

∫ t̄

0
〈u(t)− v(t) , u∗(t) 〉V dt ≤ 0

and then the inequality, therefore the assertion

Φū(u, v)(t̄) +

∫ t̄

0
〈u(t)− v(t) , A(t, u(t) 〉V dt ≤ 0
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