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• The continuum definition

• Measurement of surface tension

• Discrete approximation

• What does molecular dynamics say ?
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“Surface tension preventing a paper clip from submerging”

“Water striders stay atop the liquid because of surface tension”

[en.m.wikipedia.org/wiki/Surface Tension]

Surface Tension
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Definition of Surface Tension

Πs surface tension tensor on the surface Γ

Ω1, Ω2 two open sets

Πm pressure tensor in Ωm

Mass and momentum equation (simplest case):

Ω1
t = Medium 1

Ω2
t = Medium 2

↖ Γt = Interface
∂t
(
%mµµµΩm

)
+ div

(
%mvµµµΩm

)
= 0 for m = 1,2 in D ′(R× Rn)

∂t
(∑

m%
mvµµµΩm

)
+ div

(∑
m(%mv⊗v + Πm)µµµΩm + ΠsµµµΓ

)
=
∑

mfmµµµΩm in D ′(R× Rn)

vtan continuous on Γ (for two fluids)(
〈 ζ , µµµΣ 〉 :=

∫
R

∫
Σt

ζ(t, x) dHM(x) dt, Σ (M-dimensional) =

{
Ωm ⊂ R× R3 (3-dimensional)

Γ ⊂ R× R3 (2-dimensional)

)

⇐⇒


∂t%
m + div(%mv) = 0 in Ωm for m = 1,2

∂t(%
mv) + div(%mv⊗v + Πm) = fm in Ωm for m = 1,2

v continuous on Γ (for two fluids) and on Γ:

div(ΠsµµµΓ) = f sµµµΓ , f s :=
∑

mΠmνΩm = (Π1 −Π2)ν , ν := νΩ1 = −νΩ2

The generalized Laplace law is

div(ΠsµµµΓ) = f sµµµΓ ⇐⇒
Πsν = 0 for normal ν

divΓΠs = f s = (Π1 −Π2)ν
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Definition of Surface Tension

Ω1
t = Ωt = Water

Ω2
t = Air

↖
↘ ν = νΩ1

κΓ

Πs surface tension tensor on the surface Γ

γ surface tension

Πs = −γ(Id− ν⊗ν) =⇒


Πsν = 0

divΓΠs = −∇Γγ + γdivΓ(ν⊗ν)

(divΓν)ν = −κΓ•ν ν = −κΓ

The Laplace law is therefore

divΓΠs = (Π1 −Π2)ν ⇐⇒ ∇Γγ + γκΓ + (Π1 −Π2)ν = 0

⇐⇒ γκΓ•ν + ν•(Π1 −Π2)ν = 0 , ∂τγ + τ•(Π1 −Π2)ν = 0 for τ•ν = 0

Consequence: All classical statements about fluid flow with surface will follow.

If Π1 = pId− S and Ω2 is occupied by air (%2 = 0, Π2 = 0), if γ = const:

γ κΓ•ν + p = ν•Sν

If no flow (v = 0 hence S = 0): If γ is positive

and κΓ points inside the water, then the water pressure is positive.

If flow is incompressible (%1 = %0), inviscid (S = 0), stationary, and irrotational,

Bernoulli’s equation is besides div v = 0 that
%0

2
|v|2 + p− %0φ = const , f1 = %0∇φ (e.g. φ = −cx3)
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Liquid drops

Sessile drops

[Wikipedia]

[R. Finn. Equilibrium Capillary Surfaces

Grundlehren der mathematischen Wissenschaften 284, Springer 1986]
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[Wikipedia]

Liquid drops

Pendent drops

Locale existence:

[R. Finn. Equilibrium Capillary Surfaces

Grundlehren der mathematischen Wissenschaften 284, Springer 1986]
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Liquid drops

[de.m.wikipedia.org/wiki/Tropfen]
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Surface tension of various liquids

in dyn/cm (⇐⇒ millinewton/meter)

against air

Measurement of Surface Tension

[en.m.wikipedia.org/wiki/Surface Tension]
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Molecular Dynamics

Consider particle system (without external force): For α

mαẍα(t) = −
∑

β:β 6=αFα,β(t) , Fα,β(t) = ∇Vα,β(xα(t)− xβ(t))

Vβ,α(z) = Vα,β(−z)
e.g. Lennard-Jones potential

This ODE-system is equivalent to a distributional mass-momentum system.

Define for curves t→ x(t), t→ y(t)

〈 ζ , µµµx 〉 :=

∫
R

ζ(t, x(t)) dt,
〈
ζ , µµµx,y

〉
:=

∫
R

1∫
0

ζ(t, (1− s)x(t) + sy(t)) dsdt

Mass-momentum-energy conservation:

∂t

(∑
αmαµµµxα

)
+ div

(∑
αmαẋαµµµxα

)
= 0

∂t

(∑
αmαẋαµµµxα

)
+ div

(∑
αmαẋα⊗ẋαµµµxα −

1

2

∑
α,βFα,β⊗(xα − xβ)µµµxα,xβ

)
= 0

∂t

(∑
αfαµµµxα

)
+ div

(∑
αfαẋαµµµxα −

1

4

∑
α,βFα,β•(ẋα + ẋβ)(xα − xβ)µµµxα,xβ

)
= 0

with fα :=
mα

2
|ẋα|2 +

1

2

∑
β:β 6=αVα,β(xα − xβ)

[H.W. Alt. Entropy principle and interfaces. Fluids and Solids. Section 7.

AMSA Vol. 19, pp. 585-663, 2009]
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Molecular Dynamics

Proof: For test functions η ∈ C∞0 (R× R3; R) and ζ ∈ C∞0 (R× R3; R3)〈
−∂tη , mαµµµxα

〉
+
〈
−∇η , mαẋαµµµxα

〉
= −

∫
R

mα

(
∂tη(t, xα(t)) + ẋα(t)•∇η(t, xα(t)

)
dt = −

∫
R

mα
d

dt

(
η(t, xα(t))

)
dt = 0

〈
−∂tζ ,

∑
αmαẋαµµµxα

〉
+

〈
−Dζ ,

∑
αmαẋα⊗ẋαµµµxα −

1

2

∑
αβFα,β⊗(xα − xβ)µµµxα,xβ

〉
= −

∫
R

∑
αkmα

d

dt

(
ζk(t, xα(t))

)
ẋαk(t) dt+

1

2

〈
Dζ ,

∑
αβFα,β⊗(xα − xβ)µµµxα,xβ

〉
=

∫
R

∑
αkζk(t, xα(t))mαẍαk(t) dt

+
1

2

∫
R

∑
αβ

1∫
0

Dζ(t, (1− s)xβ(t) + sxα(t))•
(
Fα,β(t)⊗(xα(t)− xβ(t))

)
dsdt

︸ ︷︷ ︸
=
∑

αβ(ζ(t, xα(t))− ζ(t, xβ(t)))•Fα,β(t) dt = 2
∑

αβζ(t, xα(t)•Fα,β(t) dt

=

∫
R

∑
αζ(t, xα(t))•

(
mαẍα(t) +

∑
βFα,β(t)

)
= 0

[H.W. Alt. Entropy principle and interfaces. Fluids and Solids. Section 7.

AMSA Vol. 19, pp. 585-663, 2009]
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Mass and momentum laws

For molecular dyamics:

∂t

(∑
αmαµµµxα

)
+ div

(∑
αmαẋαµµµxα

)
= 0

∂t

(∑
αmαẋαµµµxα

)
+ div

(∑
αmαẋα⊗ẋαµµµxα −

1

2

∑
α,βFα,β⊗(xα − xβ)µµµxα,xβ

)
= 0

If Vα,β(z) = Ṽα,β(r), r = |z|, the pressure tensor is symmetric:

Fα,β = Wα,β · (xα − xβ) , Wα,β :=
1

rα,β

∂Ṽα,β

∂r
(rα,β) , rα,β := |xα − xβ|

For continuum physics:

∂t
(
%µµµΩ

)
+ div

(
%vµµµΩ

)
= 0

∂t
(
%vµµµΩ

)
+ div

(
%v⊗vµµµΩ + ΠµµµΩ + ΠsµµµΓ

)
= 0

where the surface tension tensor is Πs = −γ(Id− ν⊗ν).

Hence we compare

Π̃molecular :=
∑

αmαẋα⊗ẋαµµµxα −
1

2

∑
α,βWα,β · (xα − xβ)⊗(xα − xβ)µµµxα,xβ

Π̃continuum := %v⊗vµµµΩ + ΠµµµΩ − γ(Id− ν⊗ν)µµµΓ

in the equilibrium case.
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Numerical results

Results with 19683 molecules

Cross section in x1-direction through 0:

• Density (characteristic function)

• Distribution of %v and

• nondiagonal elements of Π

with respect to a mollifier

[H.W.Alt 2014]
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Numerical results

Results with 19683 molecules

You see cross section

• in x1-direction (right side)

• in x2-direction (below left)

• in x3-direction (below right)

The diagonal elements of Π

and characteristic function

w.r.t. a mollifier
[H.W.Alt 2014]
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Distributed Surface Tension

In the equilibrium case (v = 0, stationary) the equation to solve is

divΠ̃ = 0 with Π̃ ∈ D ′(R× R3)

Example: (with surface tension)

Π̃ = pIdµµµΩ − γ(Id− ν⊗ν)µµµΓ where ν normal of Γ

It is Π̃ = ΠµµµΩ + ΠsµµµΓ with Π = pId and Πs = −γ(Id− ν⊗ν)

Example: Let r 7→ p(r) be smooth, r = |x|. Then (Π̃ = ΠµµµR×R3)

Π := pId +
rp ′r

2
(Id− ν⊗ν) where ν :=

x

r
is a “distributed surface tension” solution.

Proof:

1) Take a discrete version of surface tension in Ωk, ∂Ωk = Γk−1 ∪ Γk, for each k

0 = div
(∑

k(p
kId)µµµΩk −

∑
kγ

k(Id− νk⊗νk)µµµΓk

)
and go to the limit k →∞.
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Distributed Surface Tension

2) Direct computation in Euclidean coordinates. If

Π− pId = −γ(r)(Id− ν⊗ν) = −
γ(r)

r2

[
x2

2 + x2
3 −x1x2 −x1x3

−x1x2 x2
1 + x2

3 −x2x3

−x1x3 −x2x3 x2
1 + x2

2

]

we compute ∇
(γ(r)

r2

)
=
(γ(r)

r2

)
′r
∇r =

(γ(r)

r2

)
′r

x

r
and

div(Π− pId) = −
(γ(r)

r2

)
′r

1

r

[
x2

2 + x2
3 −x1x2 −x1x3

−x1x2 x2
1 + x2

3 −x2x3

−x1x3 −x2x3 x2
1 + x2

2

][
x1

x2

x3

]
︸ ︷︷ ︸

= 0

−
γ(r)

r2

[
div(x2

2 + x2
3,−x1x2,−x1x3)

div(−x1x2, x
2
1 + x2

3,−x2x3)
div(−x1x3,−x2x3, x

2
1 + x2

2)

]
=

2γ(r)

r2
x =

2γ(r)

r
ν

Therefore

0 = divΠ = div(pId)︸ ︷︷ ︸
= ∇p

+
2γ(r)

r
ν =

(
p ′r(r) +

2γ(r)

r

)
ν

⇐⇒

γ(r) = −
rp ′r(r)

2
(which is an approximation of Laplace’ formula)
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Distributed Surface Tension

Theorem. If a sequence of distributed surface tension solutions pk satisfies

pk → pXR×D for k →∞ with p = const and D = BR (0) then

Π̃k :=
(
pkId +

rpk′r
2

(Id− ν⊗ν)
)
µµµR×R3 with ν := er =

x

r

−→ Π̃ := pIdµµµR×D − γ(Id− ν⊗ν)µµµR×∂D with γ :=
R p|R×∂D

2
pointwise in the space of distributions.

(Laplace law)

Proof: For test functions ξ ∈ C∞0 (R3; R3×3)∫
R3

ξ•
(
rpk′r(Id− ν⊗ν)

)
dL3 =

∫
R3

η rpk′r dL3
(

if η := ξ•(Id− ν⊗ν)
)

=

∫
R3

ηrer•∇pk dL3 = −
∫
R3

pkdiv(ηrer) dL3 −→ −
∫

BR(0)

pdiv(ηrer) dL3

= −
∫

∂BR(0)

pηr er•νBR(0)︸ ︷︷ ︸
=1

dH2 +

∫
BR(0)

ηrer• ∇p︸︷︷︸
=0

dL3

=

∫
∂BR(0)

ξ•
(
− pR(Id− ν⊗ν)

)
dH2
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Numerical and theoretical results

Results with 19683 molecules

You see cross section

• in x1-direction (right side)

• in x2-direction (below left)

• in x3-direction (below right)

and a corresponding approximation

of a continuum solution

w.r.t. a mollifier
[H.W.Alt 2014]
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Numerical and theoretical results

Continuum solution as approximation

• w.r.t. a mollifier (black)

• the pressure p (blue)

• the approximative surface tension (red)

• p = p0 + p1r2 + p2r4 − p3r6 − p6r12

p0 = 3, p1 = 8, p2 = 10, p3 = 600,

p(R) = 0, R = 1.
[H.W.Alt 2014]

From the theoretical result

Π̃k :=
(
pkId +

rpk′r
2

(Id− ν⊗ν)
)
µµµR×R3

−→ Π̃ := pIdµµµR×BR(0) − γ(Id− ν⊗ν)µµµR×∂BR(0)

with γ :=
R p|R×BR(0)

2
(Laplace law)
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Conclusion

• On a micro-scale one has to switch to distributed surface tension.

• On a large scale the effect of surface tension indeed takes place

on the boundary.

• The method of comparing molecular dynamics and conservation laws

is applicable in general.

• The method generalizes for example to membranes

(concurrence of two interfaces).
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