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Abstract. In this paper we are concerned with the dynamics of liquid crystals with a non-
symmetric part of the pressure tensor. The non-symmetric form we have already treated
in the paper [2]. Here we are dealing with the fact that the liquid crystal is embedded in
a fluid with non-symmetric velocity gradient. This has the effect that the molecules are
turned by the antisymmetric part (Dv)*, and this in addition to the movement induced
by the director d. Therefore there are two reasons for the general dynamics, one reason
from the outside behaviour of the velocity v and another reason is by the near neighbour
behaviour done by the form of the molecules, caused by the director d. Hence we are able
to combine the model of Grad and the theory of Ericksen & Leslie. We think that this
paper gives the framework for other treatments of a system of spin equations.
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1 Introduction

Mathematically it is clear that models for liquid crystals have the property that the
pressure tensor Il is non-symmetric. The angular momentum played an essential role
from the very beginning, it is the natural way for mathematical models of liquid crystals.
With the spin equation it provides the additional equation which describes the standard
features of the material. In this paper we are concerned with several effects of the spin
which will determine the microscopic behaviour of the molecules. They come from the
surrounding and from the inside of the material, so they lead to different contributions of
the antisymmetric spin.

That is, we assume that the mass-momentum system for (g, v),

0o + div(ov) =0,

‘ T B (1.1)
O(ov) + div(ovv +1I) = £,

is the basis for our final system (1.7). It assumes that the pressure tensor II has non-
symmetric contributions. The mass-momentum system implies for the orbital angular

momentum .Z := (x — &) A o(v — ) the equation
L + div(Lv + (x — AT = 211" + (z — &) A (£ — Q{) : (1.2)

where this is true for an observer which is at a position ¢ — (), see Section 2. Therefore,
this equation is satisfied for all observers. A form which writes this equation as a general
rule is the equation of angular momentum for the antisymmetric tensor ¢

O 7+ div( F " + (x—E)ATI+X) = (z— &) A (f— 0€) +T (1.3)

where ¥ is the “couple stress density” and I' the “intrinsic body couple density”, see the
book of DeGroot & Mazur [4: Chap.XII §1(3)] and also the paper of H.Grad [13: (4.13)]
(L ~ M, Il ~ P), for more see Alt [1: Sec.IL.6]. In applications of ferrofluids in a
magnetic field Rinaldi & Zahn [20: (1.3), (1.9)] (I' ~ I, magnetization M, magnetic field
H) call I the “body-couple density field” which they set to I = p,MxH.

Now, the spin is defined by . := _# — .2 and it satisfies the difference of (1.3) and (1.2),
which is the total spin balance equation

0. + div(L vt + %) = 211" +T. (1.4)

Since # and .Z have the same transformation rule, see e.g. [1: Sec.IL.6], the spin .7 is
an antisymmetric objective tensor. (And if . = 0 in (1.4) without couple terms, then
Cauchy’s second law of motion is satisfied, that is, I is symmetric.)

We can consider, quite general, a situation with several spins .7, satisfying
0T m 4 div(Fp vt + 2,,) = 211, + T,
with =%, T*=3 T,

and similar equations for ¥,, and I',,. Now, the specific spins .77 with .7, = 0.7;F are
given by the rotation axis w,, € R3, that is, .’z = w,,xz for = € R3, or in other notation

(1.5)
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Wy, 18 defined by w,, := (egoﬂépe%eIOYn‘Zpeg,egoyﬁel), see [1:1V.17.2], and we take
the sum of these rotations w,,. Then the rotation w of the antisymmetric matrix .#*P is

given by the sum w = Y w,,. So it makes clear what consequences a sum of the spin
S =" P has.

In this paper we consider a fluid (o, v) and we assume that the spin consists of two subspins
S =S+ (1.6)

which are related to a microscopic small object at the point (¢,z). The first spin is
stimulated by the speed v, i.e. more precisely by (Dv)* hence .77 = pu((Dv)* — Q), like
Grad did (see [2: under (9.9)]), here €2 is the externally viewed quantity that produces
the internal objective spin %y = 0.7;7. The second spin is due to a characteristic director
d with length ¢, that is .4 = od A Ad with an antisymmetric objective matrix A, like
Leslie & Ericksen did, for more info we refer to the paper [2].

Therefore, we consider the following system which contains the mass and momentum
equation with the balance laws for the two subspins, and it reads, together with the total
energy equation,

atQ + le(Q’U) = 07
O(ov) + div(guo™ +11) =f, MO =1I5 + 11,
T + div(Fp vt +5,) =212 +T,, = H,,, m=0,1, (1.7)

e+ divg = vef + Dusll* =: g,
e =Sl + S Xl S e, G=1 v+ S 1 S + .

With (1.6) together with ¥ := X+ X; and I' := I'g + I'y we get the equation of the total
spin (1.4). The total energy equation deserves a special remark. The contributions of the
total energy except the kinetic energy are objective scalars. Therefore the transformation
rule for e is the same rule of the kinetic energy and it is eoY = %|X|29* + 0" X o(Qu*) + e,
if Y is the observer transformation, see [1: (I13.32)]. This determines the rules for the
flux ¢ and the right side g of the equation for e, see [1: (I13.5)]. By [1: (I13.38)] we have
the identity g = vef + DvsII* 4+ g with an objective scalar g. We set g = 0 because we
have to satisfy the energy principle. The total energy could be generalized to have a term
ST, S P with a symmetric positive definite 4-tensor 7,,, but we restrict ourselves with
a scalar 7, and 7,,|.7:P|2.

There is a property which solutions of system (1.7) have to satisfy, it is the entropy
inequality, which is an encoding of the local behavior of the molecules in consideration.
It means that for the entropy production

o:=0m+ divey >0 (1.8)

has to hold, where 7 is the entropy and ¢ the entropy flux. We mention that this inequality
is the reason why 1 has to be an objective scalar, that is noY = n*, where Y :R* — R* is
the observer transformation and 1 and n* are the entropies for the two observers. In this
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paper we are devoted to liquid crystals, which are defined by a local director d:RxR3 — R
and we assume that 7 depends on the following assumption

n:ﬁ(g7€7 d? Dd)7 (1'9)

where 7] is an objective constitutive function, that is 7(p,e,d,Dd) = 7(o*, *,d*, Dd").
Further d is an objective vector and consequently Dd an objective matrix. Now, that 7 is
an objective scalar has a consequence:

1.1 Condition. That 7 is an objective scalar with (1.9) leads to the fact that
T]/d®d —+ 1'Dd (Dd)T =+ (T]/Dd)T Dd is Symmetric.

This is equivalent to
0 = 1:ge Bd + n:pgs (BDd 4 Dd BY)

for every antisymmetric matrix B.
Proof. Since 1 in an objective scalar n* = noY it has the consequence that
(o, e*,d*,Dd") = n* =noY
= 7j(poY,e0Y,doY,DdoY) = 1j(o*, ", Qd*, QDd* Q") .
Here p and ¢ are objective scalars. Hence
(e, e d*,Dd*) = j(o*, ", Qd", QD" Q") (1.10)

for every value o*, €*, d*, Dd*. This is true for all orthogonal matrices () with determinant
1. For this matrix take s — @), where s is a real variable and

d
1 Qs = AsQ, for s > 0 and Qg = 1d
s

with a given antisymmetric matrix A;. Then by (1.10)
?](Q*7 6*’ d*7 Dd*) - ﬁ(g*7 8*7 Qsd*7 QSDd* QST)
that is

d/\ * % * *
OZ&”(Q € aQsd aQSDd QST)

- ﬁ’d(”')'(Astd*) + ﬁ’Dd('”): (AstDd* QsT + Qst* (ASQS)T) ’
In particular for s =0
0= ﬁ’d(g*7 6*7 d*v Dd*).(AOd*) + ﬁ/Dd(g*7 8*7 d*> Dd*): (AODd* + Dd*Ag )
= AO: (n’d®d + N'Dd (Dd)T + (n/Dd)T Dd) .

Since Ay is an arbitrary antisymmetric matrix the assertion follows. ]
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With these frameworks we are able to prove the Main theorem 3.2, where we show that
the entropy principle is true and that the entropy production o satisfies the following
residual inequality (3.16)

0 <o =n:D(v—uve)t(P—1F)
+V77,€oq—77/57'0(Dy08p=20+<§ﬂ08p:(2ng +F0)) (111)

’ 6 T 1
s (24 2 (218 4 T5) = div(2))d)

where the pressure P is defined in (3.15), which is a tensor. For T, see (2.5).

In this paper we then concentrate on the description of this two spin case, in which we
have combined the Grad theory with the theory of Leslie & Ericksen. The general residual
inequality (1.11) is applied to the case that, see (3.18), for ¥} and H; := 2T + T} the
tensor 7 and the vector g are introduced, and for Hy the equation (2.6) is used, which
yield the Final theorem 3.5. In this situation we obtain in system (1.7)

0o + div(ov) =0,
O, (ov) + div(ovo™ +10) =f, II* =TI} +1 (1.12)
oA =H,, —T,, form=0,1,

where o
Hy = (o(#") —Hp) + divX,

H =dAg+YddAn,, dA(ed + divi —g) =0, (1.13)
J

and 'y and Ty have to be inserted by concrete applications, where additional equations

corresponding to the application are necessary, and therefore the entropy has to be gen-

eralized to more variables. In particular, it is thought about an application with Maxwell

equations.

2 The virtual body

We define the orbital angular momentum £ = r Ap by a matrix consisting of the relative
position r = x — £ and the relative momentum p = (v — &)

L= (- Nov—¢),

where t — £(t) is the reference orbit, hence this is an observer independent formulation.
Therefore one says that the angular momentum is done by a virtual body at the point
t — &(t). At the point £(t) a special observer can be. Hence we have to take a relative
movement, that is if necessary, we subtract from the quantities given by the measurements
the quantities of the virtual body.

For the reference orbit not only the position £(¢) is required, but also how the virtual
observer turns around its body, that means its rotation Ag(t):
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2.1 The virtual body. The trajectory of the virtual body is given by ¢ — £(t), and the
antisymmetric matrix ¢ — Ag(t) describes the rotation part of the velocity of the virtual
body, and is given by

ve(t, ) = £(t) + Ae(t)(x — £(1)) . (2.1)
This means Dve = A¢ and that A¢ satisfies the transformation formula
AgoY = QQ" + QAL QT (2.2)

as derivative of a velocity. The speed of this body in space is t — £(t) = ve(t, £(t)).

This virtual body has the advantage that with the antisymmetric matrix A, the quantities
can be written in an objective manner.

This is especially true for the quantities around the spin equation, which is for each
m=20,1
Oy + div(Fpv" + 8, = 2112 + T, = H,, | (2.3)

where the spin .7}, is an antisymmetric objective tensor, i.e. .7, 0Y = Q.7 Q". The
spin equation should be an invariant system, see [1: (1.5.13) Invariance of the divergence
system] and [1: IV.17.5 Lemma]. The spin equation is an invariant system if 3, is an
objective 3-tensor and H,, satisfies the transformation rule

H,oY = Q750" + Q750 +QH;, Q" . (2.4)
If we define
HY = AeSo + T A,

_ _ _ _ 2.5
H, =H), +H,, [n=H)+T,, H,=2I+T,, 29

then H® has the property (2.4), so that H,, is an objective tensor.

If we define the specific spin .Z°F by ., = 0.7 then we get for the spin equation (2.3)
by using the mass equation

70)° 4 divy, = 21IA +T,, = H,,
o( IL,, (2.6)

o

or (o(Zr)" —HY) + divs,, = H,, =211} +T,,.
We finally show the advantage of A with a computation of the constant 7.

2.2 Lemma. If the fluid particles are given by a bar B of length ¢ we get for the relative
velocity and for the spin

202

1
2 2 sp |2
—_ A iCd , y b _

2
|Am7,cd| )
where A,,;. is the microscopic antisymmetric matrix, resulting in

6 .
n=— if |ug|®="7|H?.

62
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Proof. The representation for the specific spin for a 3-dimensional bar (see e.g. [1: IV.17.4])
By i={zp(t)+ 2 € R®; |2/ees| < %, [2'ee1| < L,[20es| < L}

with position depending basis {e1, €2, e3}, les = d, is given by

2 2

_ 1 g
= ! i ! 3 N=_— . .
yl = Lg(Bt) /Bt AAN Amzcx dL (fL' ) - 1263 VAN Amzce?, + — 12 (61 VAN Amwel +es A Amzc€2) ,

where t — A,,;.(t) is the antisymmetric objective matrix related to the self-rotation of
the bar. Now we approximate the 1-dimensional stick B from the 3-dimensional bar B

by letting r — 0 and we get
2

yfg = Eeg A Amice?) s
it follows
w2 _ | & 2 2 )
|y1B| 1263 A Amzce?; = @|Amic€3‘ .

We calculate analogously the kinetic energy of B by

up|* = TE mict' |2 dLP (2') = W z ;x; AL3(2') - (Amicer) * (Amicer)

? g T 2 2
= _|Amice3| + E(lAmicel| + |Ami662| )

12
and letting » — 0
€2
2 2
19 Amzc
|us| 12| es| -
3 The theorems
First we rewrite the general system (1.7) in terms of the material time derivatives
5 + odive =0,
o0+ divil =, TIA =1 + 113
Q(yrip)o—i_ leZm ZQHTAn—l—Fm = Hm7 mZO,l, (31)

¢ +edive + divg = — (Dv)* s I — 37, (D738, + 773 H,,) .

To prove (3.1), we remark that for every real function w defining w := pw and using the
mass equation of (1.7)

@+ w dive = 0w + div(wv) = 0(pw) + div(pwv) (3.2)

= w(d,0+ div(ov)) + 0(Bw + veVw) = p(dw + veVw) = ow.
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For the mass equation in (3.1) we take w = 1 hence W = p and we get
5 + odive =0.
For the momentum equation in (1.7) we take w = v; hence W = pv; and get
0v = d,(ov) + div(ovo"),

therefore the second equation in (3.1). Similarly we get for the spin equations in (1.7) by

taking w = (737) ., hence w = () Iy

0S¥ = 0,5, + div(F, "),
therefore the spin equations in (3.1). For the energy we have in (1.7) the identity

0 0 s
€ = §|U|2+§Z7-m|ymp|2+€7 (33)

hence from the energy equation in (1.7) we will derive an equation for €. To get the
balance law for the kinetic energy we multiply the momentum equation in (3.1) with v

and obtain ve(ov) = 5(\'0\2)0 and ve divIl = div(IT* v) — DvsIl. Hence we obtain*

(|v[2)o + div(IT" v) = vef + DusIl.

(RN

> hence w = g|v|* we get

<§|v|2> = g|v|2divv = §(|v|2) °

By taking w = |v

and then for the kinetic energy
(§|vl2>o+§]v|2divv+ div([T" v) = vef + Du2ll. (3.4)
Similarly we obtain for the spin equation by multiplying it with .7F

3 (07) = L(17P)° . S divE,, = div(SPE8,,) — DAPY,,

NCRFIS)

so that for |77
g(\ygpﬁ) 1 div(.PS,,) = DAY, + S, .
By taking w = |.#:P|> hence W = o|-*P|? we get

(F171) " + Sl dive = 2(1751%)°

*In the paper [2: between (2.5) and (2.6)] a copy mistake is made, it is twice written gv instead of v.
We are sorry for this mistake.
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and then we obtain for the energy part of the spin
(g\y,;ﬂ?) °+ gwgpﬁ dive + div(Z5P%,,) = D.7Pss,, + .7 P2H,, . (3.5)

Now, we come to the equation for the energy in (1.7). The total energy equation is stated
is (3.3). We subtract the equations (3.4) and (3.5) from the energy equation (1.7) and
get the equation for the internal energy ¢ with ¢ =II" v + Yo TP, + ¢

Oe + div(ev + q) = —DuvsII® — Yo Tm (DY,ZP:Zm + erlp:Hm)

— 3.6
— — (D) 2T = 3, 7 (DF2PES,, + .72 H,,) 20

since Dot II° = (Dv)® ¢ 11, and in [2: 5.2 Lemma) it was proved that
SPsH,, = SPH,, . (3.7)

Hence all terms of the right side of the e-equation are objective, and so the entire right
side is an objective scalar. Altogether we have shown that the system (3.1) is true.

From system (3.1) we obtain the following pre-version of the main theorem.

3.1 Theorem. Consider a solution of system (1.7) for a liquid crystal with a director d
of length |d| = ¢ = const > 0. Assume that the spin satisfies (1.6)

S =S+ S with S =odAd, where d =d— Ad. (3.8)

Let the entropy 7 be of the form
n =mn(o,&,d,Dd), (3.9)

then the residual inequality reads

0 <o =(Dv)f2((n— oo —ene)ld—neIl) + div(e — v —1:2q)

(3.10)
+Vnicoq+ 11000 + (0a + 1neTi01)

where
O = — (DI, + FP3H,) 0= nrged + 1pad (D) (3.11)

Proof. See the first part of Section 4 up to (4.4). This gives the result for the entropy
production ¢ in the inequality (3.10), where the definition (3.11) are in (4.3). We only
mention that we got from a model

S =0dNAd, (3.12)

where A is an antisymmetric matrix with AoY = QA*Q" as transformation rule, i.e. A
is an objective matrix, and not .} = pdAd’ as in (3.8). But in [2: (5.15) and (5.16), 5.4
Addendum]| we have shown that (3.12) holds. O
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From Theorem 3.1 we derive the following main theorem.

3.2 Main theorem. Consider a solution of system (1.7) for a liquid crystal with a director
d of length |d| = ¢ = const > 0. Assume that the spin satisfies (1.6)

S =S+ S with S =0dAd, where d =d— Ad. (3.13)

Let the entropy n and the entropy flux ¢) be of the form

1
n="1n(ge,dDd), n.= ] > (0, 60 the absolute temperature,

) (3.14)
Y =nv; +n0eq; — > d, (U'dk,j +2mne Y dlzlklj> )
k 1
and furthermore let
P:=pld — 0> Vd;@nrva,, p:=0(n—on,—ene),
i (3.15)

U= U— V.

Then the entropy principle (1.8) is satisfied, if the entropy production satisfies the residual
inequality
0<o=n.D(v—uve)s(P 1)

+Vnceq = 10e1o(DFGT 50 + 7 $Hy ) (3.16)
;[0 =
vd e (5—2 + 27 (3T, — div(n,szl))d) .
The first variation of n with respect to d is

07
— =g, — Y OiNg, .
5dk N'dy, ; i dyj

and for a representation of (3.16) in components see the inequality (3.17).

The first term of ¢ is the standard term for II° and the second term is the heat flux term.
The rest terms are due to the spin equations, where here the terms of .#; and . are
together in one entropy production, while in [2] they appear in separate theorems.

Proof. The proof is in Section 4, where (4.4) is the preliminary result stated in Theorem
3.1. And in (4.6) we make the assumption that the entropy flux ¢ is given by (3.14), so
that the first term vanishes. The pressure p is given by Gibbs relation, and a pressure
matrix P takes care of the term containing the director d, see (3.15), which gives

(n = onrp — enec)ld = Y Vd; @1prga, — 0o 1P
j
= nrepld — E Vd;j®nrga; — 7 11
J
=P —n. I = n’s(P - HS) .
We also write in terms of components

D%SP:ZO _|_ %SP:HO = ; (yos]flﬁokl + Z%s’fl/jz]okl‘]) .
s J
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With this the entropy production becomes
0<0o=n.Dw—uve)s(P—TI)

+Vneeq =110 (yosgﬁﬁom + >k /jEOIflj)
ol j (3.17)

+de( + 27 Zdz (n7eHim — Zaj(ﬁ'ezlklj))> :
5y :

This inequality is identical with (3.16). O

A more sophisticated version of the main theorem one becomes by a combination of the
model of Grad and the theory of Ericksen & Leslie. The latter uses explicite formulas for
the spin equation (see (3.20), here denoted by .# etc.), where new unknowns 7 and g are
introduced, which are the notations of the original papers.

3.3 Lemma. Assume

ylspzd/\d" Si1=dAn, Hi=dAg+> 0idAm.;, (3.18)
J

where the first equation is already contained in (3.8). Then system (3.1) reads

0+ odivo =0,
o0+ divIl = f, where IT* =115 + 113
(Q(yOSP)O - H8) + divazzo = ﬁ0 - 2H€ + Fo 5 (319)

dA(ed" + divi —g) =0, 2I'+T,=H, =dAg+ ) ;0;dN\m.;,
£+edive = —divg — (Dv)S $IP° + 100 — 2627'1(Dd':7r + d'.g) ,
where 7 and g are arbitrary functions, which replace ¥; and Hy, and where d” := d’ —Agd'
from [2: (4.5)]).

Proof. The mass and momentum equations and also the spin equation for 7" are the
same as in (3.1) but in the version (2.6). We now treat the spin equation for .#;”, that is

o( A7)+ dive, =H,  with AP =dAd . (3.20)

(This is just the reduced spin equation as in [2: (6.5)]). Then, with assumption (3.18),
we can exploit [2: 6.2 Lemma|, and get

Gt(gd/) + diV(Qd/UT +7) = g\ + 0G

where gy = g + Ad with ) is a real valued function and G' = A¢d’. By [2: 6.1 Lemma] we
see that this is equivalent to

od" + divr = gy (see [2: (6.4)]),

in other words

dA (od" + divr — g) = 0. (3.21)
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We look at the internal energy equation where only the summand with m = 1 has to be
treated. We repeat a part of proof of [2: 3.1 Special case]: We calculate out using (3.18)

D.7PeY + P H, = D(dAd ) (dAT)+ (dAd ) (dAg+ 3 0;dAm.;).
J

Using the rule (@Ab)2(EAd) = 2(@sd)(bed) —2(d@ed)(beE) we get with the help of ded’ = 0
and de0;d =0

D(dAd)s(dAT)=(0;dAd +dN0jd )s(dAm) =S (dAdd )e(dA.y)

J J

= 2|d|’Dd 27 — 23 (de.;)((9;d ) +d),

(dAd)(dA g+ 0d A7) =2|dfd sg — 23 (dem,;)(d «(9;d)) .

From ded’ = 0 we get 9;ded’ + d*0;d" = 0 and thus

>o(dem;)((95d")+d) + ;(dﬂw)(d"(@d)) =0.

j
So with |d|? = 2 we have proven D. 7%, + . PsH, = 202(Dd sm + d «g). O
We insert now the functions 7 and g, defined in (3.18), into the entropy production.

3.4 Lemma. Denote the last summand of (3.16) by
_ ’ 577 — .
og:=d » <@ + 27 (n/EHl — dlv(nfezl))d> )
Then in terms of m and ¢ it reads
Ti=, dl; (U/dk - diV(ﬁ'de - 2715277/67%.) - 2715277'591@) .
k
Proof. We compute with the product rule

04 = d,' (g—z + 27'177’5 (ﬁl - leEl)d - 27—17]’6212(d®vn’6)> )

where the main part of the second summand is by (2.6)
d'e(H; — divey)d =d'«(o(#7)" — HY)d. (3.22)

Now it holds
oA —H) = gd Ad", (3.23)

since using the definition of d” and d” (see also [2: 5.5 Lemmal)
(and')"= dAnd +dAd =(d +Ad)Ad +dA(d + Ad')

— /\ / _'_ /\ ’ + /\ 1 — /\ / + /\ ’ _'_ /\ "
Acd) Nd +d A (Aed ) +dAd = Ac(dAd dAd) A" +dAd
= AP+ SPAT dnd”
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After multiplying with ¢ and using (2.5) we get (3.23). Therefore (3.22) becomes
d's(H, — divsy)d = d's (o(d A d")d) = od'+((dd"" — d"d")d)
—odedd'sd—oded" (?=—02d"«(od")
since d ed = 0. By using the identity (3.21)
—0%d e (0d") = 0?d "« (divr — g),
hence

omne S dpdy(Hy — divEy) g = 2mm:L%d o (dive — g) .
k,l

Also by assumption (3.18)
—27‘1 Z d,;dl(ajnlg)El klj = —27’1 Z d,;dl(aj’l’]/a)(dkﬂ'jl — ijdl)

k,j,l kil,g

= —27d od . did; (e ) + 21 0% S d 0 (0 )mry = 2m02d o (7 1.)
l,j k,j

since d ed = 0. Then it holds all in all

) .
Tq = d; <% + 2716277/8( div(m) — g)x + QTlfz(WVn,E)k>
A k

=34, (n’dk — div(nrya,) + 2102 div(nem) — 2715277f€gk)
k

/

= de (n/dk — diV(T//de — 27’1£277/87Tk.) — 27—1£277’8.gk) .
k

We now consider both effects, and obtain from 3.2 and 3.4 the following theorem.
3.5 Final theorem. Consider a solution of system (1.7) and let be as usual
I=°rP-5. (3.24)

Assume that (3.13) is satisfied for the spin and further assume (3.18) for ¥; and H;. If
the entropy 7 and the entropy flux v is given by (3.14), that is

n =1(0,¢,d,Dd)

by = oy ety = X dy (s, — 21 0nemg) (3:25)
we have for the residual inequality
0<0=0.(Dv) 255+ Vneqg+n.Du)* s P +5,+7,, (3.26)
where v := v — ve and
T = 11eTo00 = —11:To (D%SP:EO + %Sp:ﬁo)
, (3.27)

Tq4 = d e (n’Vd — diV(n’Dd — 27'15277/57'(') — 2T1£277/€g> .

Definition: We set II, = P& — 5% when S* = S5 + S5 and P* = P + P, We mention
that below we assume Py = 0 and P} = 0.
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Proof. We substitute in (3.14) the term for ¥, that is ¥1; = dm; — ;) by (3.18). For
the last summand of 1) we compute

- ; d, (n'dk/j + Zl: 2711 e S

- _ ; d,; (nxdk,j + ; 2mnedi(dpm; — ijdl))

= — ; d;;n/dk,j — 27102 % d,;dl(dkmj — Tg;dp)

= - ; dl;n’dk/j — 2mne %l: ddydymy + 2711 %j dydymidy

= — ; d,;n/dk,j + 2702 ; d,;ﬂkj = — ; dl; (n/dk,j — 27’15277'57%3') ,

since d'ed = 0. Hence the representation of 1 in (3.25) follows. In the residual inequality
(3.16) we use the definition of 7 in (3.27), whereas 7, was defined and calculated in 3.4.
For the first summand of (3.16) by the setting of II we get

D(v —ve)#(P —T%) = (Dv) £ §° + (Du)* ¢ P*

if we set u := v — ve. From this (3.26) follows immediately. O

If we now take special forms of 7w and ¢ this implies the following theorem. These special
forms essentially depend on the entropy 1 and on g; as independent variable, the notation
of which is also taken from the original papers.

3.6 Theorem. We now assume that we set POA =0, that is P4 = P?, and we define

" S = S

where ¢, is an arbitrary function, and § and v are degrees of freedom which don’t appear
in the residual inequality. Then it follows

(2_#)]3/*:25{*—0[/\91—?1 if 72> 1, (3.29)

Gaq =21 02n.d e gy . (3.30)

Proof of P*. Since 2II;* + T'; = H; and because of the representation of H; in (3.18) we
get
d/\g = 21—[? - Z(ajd) /\7T,j —f-Fl .

J

With the constitutive equations (3.28) for m and ¢ this is

=211} — 32(9;d) A ( — B;d) + T

J

1
271€2n/5n,afd
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The ~-term vanishes and the S-terms on both sides are equal, since
—d AN (Ddp) = Zﬁj dijNd = Z(ajd) A (B;d),
J J

therefore

1
271071,

(;
211020,

d/\ ( 77’8jd) + Fl .

Mra — g1) = 210 = 32(9;d) A

J
Now with IT; = — S8 4+ P* by the Definition in 3.5 and the assumption Py = P4 it turns

out
ANgr+ T = g (d A ma+ 3(0,d) Arvoya) —orr

dRn d)®@n, — oI
7—162775( ®77d+2(3 )®778d) 1

1

_ d , — 2T = —PA—2HA
27, (;(V K de) ! G4

by Condition 1.1 and the definition (3.15). Since P* — 2T} = 2.5 — P* it follows

dAg =288 — (2——)PA T,

7'162

that is the claim. For the condition 7% > % we computed in a charakteristic special case
in 2.2 that 7 0% = 6. Il

Proof of 4. Substituting (3.28) into the divergence term of (3.27) yields
Z 8]‘ (n'dk,j — 27'1€277/57Tkj) = 27’1£2 Z aj (nledkﬁj)
j j

=21 div(n,.B) di + 210> micdyr By
J

and for the g-term it holds
N, — 2100 egr = 210010 (’de + Z diiB5 + glk) .
J

Hence
n’dk - diV(T]Ide — 271£2T]/E7Tk.) — 27—18277’591%
= 2% g1, + 21 2 (77/57 — div(n/gﬁ))dk ,

therefore it follows (3.30) since ded’ = 0. Thus the d'-term in the formula (3.16) of & is
rewritten as d’e(270%1:.g1). O

Assuming that T, = 0, m = 0,1, and P4 = 0 we derive the following application.
It would be very interesting to have applications in the situation that I',, are given by
Maxwell equations.
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3.7 Application. Let I',, = 0 for m = 0,1 and assume P# = 0 (that is an assumption
on 7, we assume P; = 0 and P = 0). Further assume that ¥y = 0. Then the residual
inequality reads

0<0=n0.:(D0) 255+ Vnieq+ 2070778 S5 +2m0%n.d e gy | (3.31)
Proof. From Py =0 and Ty = 0 it follows
Hy = 2105 + Tp = 2113 = —25;
that is, 7o in (3.27) reads
G0 = —NeToDST 850 + 21179 Sp T 8 Sg

Using P* = 0 and (3.30) for 3, the claim follows immediately from (3.26). O

4 Entropy principle
The main part of the proof is presented in this section. For the entropy we have by (3.14)
n =10, ¢,d,Dd) (4.1)

and for the spin we have by (3.8)

S =S+ S with S =pdAd, where d =d— Ad (4.2)

is an objective vector, see [2: 4.3 Lemma, (4.4)], so that .#; is an objective matrix. With
the entropy in (4.1) we compute for the entropy production

o =0m + divyy = 1 + ndive + div(y — nv)
= 11p0 + 1€ + 77/d°col + gt (D) + ndive + div(y —no).
By the general system (1.7), which is equivalent to (3.1), the entropy production becomes
o= (n—ony,—ene)dive + div(ey — nu) — 0. divg — . Dos I
trged + 1t (DA)° — e X 1 (D78, + .78 T,,)
=Duvs((n— onrp — enee)Id — 1) + div(y — v — 172q)
£Veoq + masd + pat (D) — e X 10 (DFPIS,, + S3,).

Therefore, if we define the abbreviations (3.11)

O = —(DIP2L,, + SP2H,) |
. (4.3)

04 - — T//d'd + 77’Dd=<Dd)
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the whole expression can be written as

0<0=Duvs((n—on,—ene)ld —n 1) + div(ey — nv —1:2q)

(4.4)
+Vn’s°q + 1eTo00 + (Ud + 77'57'101) .

This is the residual inequality in Theorem 3.1.

The most important term in (4.4) is the oy term, since d and (Dd)° have to be expressed
by the d'-terms, where d’ is part of .%;P. This is done in Section 5 and gives the result

oq = nrged+ 77/Dd:<Dd)o

/ / 4.5
= 204y + 314, (d;) 5 — D(v = ve)3 (3 Vd;@nr9a;) - )
1 1,7 ]

Also the og-term has only objective quantities. Now we go to the oi-term. Plugging the
definition (4.2) of .} we obtain

—(DAPeE, + FPsH)) = —(D(AAd )38 +d A d tH,)
(32 05(dudy — dydi)Zaga; + (did; — dydy)Huw)

kbl g

2 (Z(d,; i+ ddy ) S + dpdi i)

k, J

l
d k' Z 2d121k'lj =+ Z dk( Z le/ Zlklj =+ Z 2le1kl)

k,j l,j

Therefore the part of the entropy production which have contributions of the director is

Og+NieT101 =

=> dl;’j (M7dy, + > 2mn e diSamy) + > d,, (ra, + 3 2mmredyrj S1p; + Z 2m1n-diHyp)
PX 7 k 1

—D(v — )2 (ZVd ®1v4,)

:%:8 zk:
(-

+2.d

( Nedy,; + > 27'177'ed121k1j))
l
Z(?mfdk + 27 Z <77' dyrj Xk — a'(n/adlxlklj)> + Zlen/adlﬁlkl>
D =103 (S V5
Moreover, in the middle term the coefficient of d, becomes

Nd, — Zaﬂ]’dk] + 27 Z <77' dyriXipg — 3'(77'ed521k1j)> + > 2mmrediHig
7

)
= &Z + 27 Zdl (77 Hiw — %:@‘(77’621%)) )
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hence
o4+ nemior =) 0; ( > d;; (U'dk,j +> 27177'ed121klj))
j k !

+3 d’“(édk ton S (77 i — 50, EWJ)» D(v — ve) (Zw @nrva,)

The first term on the right side goes to the div-term in ¢ and the last term goes together
with the Dv-term, since (Dv)® = (D(v — vg))s. Therefore we finally obtain for the entropy
production o

0<o=(Dv) 2((n—onp—ene)ld — 77/61_[8) + div(y) — nv — n1eq)
+V77's°q + N1eTo00 + (Ud + 77'57'101)
Z <¢] —NU; —Neq; + Zdl; (U’dk,j + 227177/5611211«1]'»
J k 1

46
+D(v —vg)s <(77 — 0nrp — ene)ld = 3 Vd; @1rva, — msHS) (46)
J

+V77/€.q — 77/57'0 (DyOSP:EO + yosp:ﬁo)

+Zd <;c7i7k +on Zdl (77/ Hypy — Z@(U%&klj))) .

This formula for the entropy production o is the general form of the entropy production
under the assumption that the entropy fulfills (4.1) and the spin is given by (4.2). This
formula is further evaluated in the proofs of Section 3.

5 Director part

The purpose of this section is to handle the term o; which occurred in the residual
inequality in Section 4. This part of the entropy principle is contained in [2: Sec. §],
although under different assumptions. Let us use the fact that n must be an objective
scalar, consequently by Condition 1.1 there holds for any antisymmetric matrix B

0 = 11ge Bd + npgs (BDd 4+ Dd BY) .

We take B satisfying the transformation rule BoY = QQ" + QB*Q", and an example is
B = (DU)A. With this we get for the d-terms in the entropy production

04 ‘= ﬁ/d‘d—i-?’]/Dd:(Dd)o
= nrg*(d — Bd) + nipat (D) — (BDd + Dd BY))
= n/dOdn + T}/Dd:Dn ,



221

where d"7 := d — Bd is an objective vector, which we have proved in [2: 4.3(2)]. And
D" := (Dd)" — (BDd + Dd B") satisfies the representation

(Dd) Oz‘j = (di’j)o =dirji + Y vrpdisjp
k
= (di’t + kadi’k) T ka'jdi/k = (dz) T ka’jdi/k7
k k k
hence, where we use now B = (Dv)*,

DZ]] = (Dd) O,‘j - (BDd)z] - ;di’k(vj’k - Uk'j)

N = N =

= (dz) T (BDd)” — ;di’k(vj’k + Uk:’j)

- ((31) g ; Bikdk;’j> — ;di/k (Dv)skj ,

The first term (in bracket) is an objective tensor in (i, 7), see [2: 4.3(3)], also, of course,
the second term with the symmetric part of the velocity gradient, which is easily to see.

Since d" = c? — Bd we get
(d;) ;= 2 Birdyrj = (d? + > Bidy,) ;= 2 Bikdiry = (df) 5+ 32 Biwjdy,
k k k 3

which finally gives
D?j = (d}); + ; Bijrjdy, — ; diry (Dv)skj ’

where now all three terms are objective tensors. This is because By in (i, k) is a tensor
which transforms like the derivative of a velocity, where the inhomogeneous part of this
transformation depends only on time. Therefore B;;/; has not this inhomogeneous part
and is in (7, k, j) an objective 3-tensor.

The matrix A in 2.1 is an antisymmetric matrix depending only on ¢ and transforms as
B like the derivative of a velocity. Therefore we see that B := B — A, is an objective
tensor, and since A¢ depends only on time we conclude that Eik/j = B}, is, as said, an
objective 3-tensor. Therefore using (3.8)

4"+ Bd=d— Ad=d . (5.1)

Hence o
(d})1j + > Birrjdp = (d}) 1 + > Bigrjd
k k

= (&} + X Budy) ., = > Budpr; = (d;)1j = 3 Bardyrs
k k k

and therefore o
D}y = (d;) 1 — 3 Badyr; = 3 diri (Do),
k k

d] = d; — > Bidy.
%
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Hence the contribution of o, is

oq=1g*d" +nipas D"
= Zn,di (d; — ;Ezkdk) + Z?’]ldm ((d;)/j — ;Eikdk’j — ;di’k (D’U)Skj)
7 2y

= Z n/didi/ + Z Nd; ; (di)'j
i 1,7

_ Z (n’didk + Zn,di,jdk/j)pik — Z n’di,jdi’k (DU)Sk] .
J

ik irjike
Now we make again usage of the Condition 1.1 and this gives for the B-term

> (radi + 2 nraiydirg) Bk = — 32 10, ,dj B
J

ik t,k,j

= Bt (Suva,@Vd,) = B (X V@) = (D — ) 1 (5 Vi ©nrva,).

since Ac = Dug by 2.1 is antisymmetric and therefore B = (Dv)* — A¢ = (D(v — ve))™.
Also (Dv)® = (D(v — v¢))® and therefore

> ey diok (DU) = S (Do) 3o ma, ydio = (Do) 3 (3 Vedi@1rwa,)

= (D(v — ve))® ;(Z Vd;@nrva,) -

i7j7k ]7k

Together we obtain for the contribution o,

04 — U’d‘dn + ’)7/Dd:l)77
= S 0ad] + X 14, ()~ Do — 00)2 (X Ve, 0, (5:2)
3 2,7 J
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