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Abstract. This paper is concerned with the dynamics of liquid crystals with a non-
symmetric form of the pressure tensor. The formulation uses the classical spin equation,
where the spin depends on the director d of the local embedded crystals. Thus the
mass-momentum equations are completed by the spin equation, and since we consider the
temperature dependent case, in addition an energy equation is necessary. The temperature
dependent free energy is given as usual by the entropy through f = ¢ — 6n and in the
stationary case this reduces to well known results. But the main thing is that we apply
the entropy principle and use an equivalent formulation of the fact that the entropy is
an objective scalar. This way we prove our general theorem by showing that the entropy
production is positiv. As application of this theorems we show that important results of
H. Grad, Ericksen & Leslie, I. Miiller, and Chandrasekhar are correct.
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1 Introduction

We consider liquid crystals in the nematic state, which are in principle fluids, but they
show different behaviour in different temperature intervals. Some of them change the
physical conditions abruptly if crossing a particular temperature value. For a general
impression of such media see the contribution in [Wikipedia: Liquid crystal (Mar 2022)].
Therefore it is clear that this subject is important for mathematical science, especially
since nowadays there is a great interest from material science in liquid crystals. The
theoretical literature about nematic liquid crystals has developed mainly during the period
between 1950 and 1990. We will give a short overview of the history at the end of this
section.

The angular momentum played an important role from the very beginning since the
models of liquid crystals have a nonsymmmetric pressure tensor Il as standard feature.
Here II stands for all objective contributions in the momentum equation, that is, at least
it contains the pressure and the viscous stress tensor. The nonsymmetric character of II
becomes clear if one looks at the equation of angular momentum (5.5), which is based on
the mass-momentum system for (g, v),

8 f + div(fv" + (2 — AT+ X) = (@ —EA(f—0f) +T, (1.1)

where the tensor ¢ is antisymmetric and X, I' are explained in (5.7). The moving
reference point ¢ is described below. This law of angular momntum is stated in the book
of DeGroot & Mazur [4: Chap.XII §1(3)]. Now ¢ = £ +.7 contains the orbital angular
momentum .2 = (z — &) A o(v — £) which satisfies

0L + div(Lv" + (v — ) ATI) = —2T1* + (v — &) A (f — o), (1.2)

and this equation is a direct consequence of the underlying mass-momentum theory with
an arbitrary tensor II, which contains the antisymmetric part II*. It is a classical formula
which you find in the Script of Alt [1: Sec.I1.6] and in all literature with an arbitrary II.
(The formula (1.2) is common in literature which makes the Cauchy assumption that II
is symmetric.) So the difference .7 := # — .2, which is called the spin, satisfies the spin
equation (5.6)

0. + divy (L' + %) = 211" + T, (1.3)

which is usually written in the form* 0.7 + divE® = 2II* + I' where .*" is the specific
spin. We are working with the spin equation and we add this to the mass-momentum
system, so that
0o + div(pv) =0,
Oi(ov) + div(ovv® +1I) = f, (1.4)
0. + div(L T +¥) =2I1* + T,

is the system, see (2.1), which is the basis of our paper. We want to emphasize that
all the equations used here are observer independent. In the literature usually one uses

*The material derivative h := 0;h + veVh is usually denoted by h


https://en.wikipedia.org/wiki/Liquid_crystal
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the special case ¢ = 0, which means that the angular momentum is meant with respect
to the actual observer, and only for him. Therefore we have introduced the trajectory
t € R &(t) € R? as a freely movable reference point with respect to which the angular
momentum is measured, see Section 5. And the spin should describe a property of the
body itself, it should transform itself like an objective quantity. Altogether this is the
observer independent, i.e. frame indifferent, method.

Since we consider the temperature dependent case, we have to add the differential equation
of the total energy e, which transforms like the kinetic energy,

e+ divi=g:=vef+Dvsll* + g,

e = 2v|* + 27|77 4 ¢, (1.5)
where ¢ contains the absolute temperature 6. The contributions of g, that is the v de-
pendent terms, have to be there, and then g is an objective scalar (see e.g. [1:11.3.14
Mass-momentum-energy theorem]). Since we have no other contribution to the energy,
this e is regarded as the total energy, which is assumed to be conserved by the energy
principle. It explains why the objective scalar g can be set to g = 0. Therefore the
equation for € becomes using the system (1.4) and with ¢ = Y v + 7.7%P3% + ¢, where ¢
is the heat flux,

O + div(ev + ¢) = —Dvs I’ — 7(D.7*F2% + .7 2H) . (1.6)

We add this to the system (1.4) and get system (2.7), which is the basis for the entropy
principle. We mention that the equation (1.6) is also used by Leslie [17: (3.13)], where to
obtain this he used the director equation (6.4) instead of the spin equation.

At the end of the paper in Section 9 we deal with a classical entropy

n=1n(o€) (1.7)

and perform the entropy principle. This was also done by DeGroot & Mazur in the book
[4: Non-Equilibrium Thermodynamics|, but without stating objectivity and so with a
different energy equation. We go to system (2.7) as basis and derive in Theorem 9.1 an
entropy production (9.4). Here the entropy principle is true for arbitrary spin. If the spin
part gives a positive contribution to the entropy production this essentially says that the
spin equation (1.3) has a dissipative behaviour.

In Section 2 we deal with nematic liquid crystals, that is, we use the standard model with
a so called director d where |d| = ¢ = const > 0 and with the spin

S =odnd, d =d— Ad. (1.8)

Note that here d’ is an objective vector. We remark that we use the variable d with
length ¢ which has the advantage that the magnitude of the spin can be adjusted. Then
we apply the entropy principle with

n =1(o,¢e,d,Dd) (1.9)
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where Dd are the spatial derivatives of the director d which is a vector, see e.g. in the case of
incompressible equilibria Hardt & Kinderlehrer [15]. With the constitutive equation (1.9)
for n we obtain the central theorem of this paper, with the same system (2.7) as basis. We
call this result the Main Theorem 2.2 and it has the following entropy production (2.15)

0 <o =n.Dus(P—I) 4+ Vn..eq
(1.10)

r (0 T i
+d e <§Z +27 (0211 +T) — dw(ﬁ's””) '

Here the d’ term is the contribution which is due to the special form . = pd Ad’ of the
spin (1.8), or one can interprete this as coming from the dependence of 1 on (d, Dd).

Setting II = P — S with a general S = S° + 5%, see the text following equation (2.18), the
inequality (2.15) is equivalent to (2.19)

0<o=n.Dus(P+ %)+ Vn.eq

y B (1.11)
+d e (5—2 -+ 2T(77’EH — le(n’é‘E))d) )
where, see (5.14),
H=T+2P*—-25*. (1.12)

If we assume I' = 0 the inequality ¢ > 0 is a condition on S, S* and ¢, and the system
(1.4) has the form, using (5.13),
0o+ div(pv) =0,
di(ov) + div(evv' + P —S) =f, (1.13)
o P T+ div,X =H, SP=dAd, H=2I*"=2P"_-25*,
and in addition the energy equation (1.6) for the inner energy is fulfilled. This is true in
the general case.
The following Section 3 deals with special applications of the Main Theorem 2.2. It are
the results of Ericksen & Leslie and Chandrasekhar, where the essential assumption is
>=dANAm, 7 an objective tensor,

— 1.14
H=dAg+ > ;(9;d) Am.;, g an objective vector. (1.14)

In Lemma 5.6 it is shown that under these assumptions the reduced spin equation is

equivalent to
d A (od” + divr —g) =0, (1.15)

which we call the “director equation”. And for the antisymmetric part of Il an “additional
equation” has to be satisfied

2 +T=H=dAg+ Y ,(0;d) A ;. (1.16)

In 3.1 both equations (1.15) and (1.16) together are proved to imply the (full) spin equa-
tion. In fact, they are equivalent to the (full) spin equation with the condition (1.14).
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This is the reason why the system (3.2) implies system (2.7). In other words, we mention
that the models of Ericksen & Leslie and of Chandrasekhar turned out to be a special
case of our system.

We should point out the fact that the entropy (because of the nonnegativity of the entropy
production) has to be an objective scalar. Depending on the special constitutive equation
(1.9) on 7 this has an handy equivalent formulation in Condition 7.1. This condition is
vary helpful for the proof of the form of ¢ in Section 8. And this condition for the free
energy is also contained in the literature see e.g. Ericksen [8: Sec.VII], Leslie [17: (4.10)]
and Chandrasekhar [3: (3.1.15)].

We now come to the historical development.

Around one century ago in 1933 there is the paper [23] of Oseen, where he introduced in the
compressible case a system of differential equations, the equations of mass-momentum and
entropy and a director equation, a second order equation for d, see [23: p.896] (d ~ L).
The right-hand side of the director equation contains a multiple of d, as in (6.1). He
postulated an entropy equation, but by a little computation shows that the system with
entropy is equivalent to the system with inner energy. The momentum equation is coupled
with the director equation by an “intrinsic part” given by the director distribution in the
neighborhood of the element (we would interpret this term saying that it is depending
on Vd etc.). Hence his system is a full system. However, the stress tensor is symmetric,
which is why we do not treat this here.

In 1952 H.Grad [14] considered viscous flows letting the standard assumption that the
pressure tensor II is symmetric behind. In [14: §4] he sets up the general equation

O(p0a) + div(pav + A) = a

for (a, A,a) and uses it to derive a system consisting of four equations, that are mass,
momentum, energy and angular momentum, see [14: (4.6), (4.11), (4.15), (4.12)], where
the quantities of this system partly deviate from the standard quantities. He motivates
this by considerations on statistical mechanics. The conservation of angular momentum
is given in [14: (4.12)] (P ~ M + pu, ¥ ~ Q)', where the external angular momen-
tum is written down in [14: (4.13)] (£*P ~ M) and the internal angular momentum in
[14: (4.14)] (/P ~ ) hence # = £ + .. This general treatment were later in 1962
adopted from DeGroot & Mazur in the book [4: Non-Equilibrium Thermodynamics|. We
chose this approach because it is a general description of angular momentum. In this paper
in Section 9, we prove the entropy principle, where the entropy 7 is taken according to the
classical representation n = 7)(g, ), which means that the Gibbs relation [4: Chap.XII§1
(20)] (7~ s, Il ~ P) holds. We carried out this accurately and have been able to verify
the representation of Grad’s pressure tensor [14: (4.30)] (IL;; ~ Pj; = pd;;+pi;). It should
be noted that the authors use the internal energy equation [14: (4.21)] or [4: Chap.XII§1
(13)] with the term IT1¢Dv instead of the objective scalar I3 (Dv)°, which contradicts the
objectivity of this equation.

"We want to show with the remark in brackets, how the quantities in this paper correspond to the
quantities in literature.
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In 1960, in his paper [7], Ericksen first wrote down the standard equations [7: (2.1)-(2.4)]
for mass, momentum, energy and angular momentum, which are generally known and
were derived for symmetric pressure tensors. Then he sets up his system of equations
[7:(2.9)-(2.13)], where equation [7: (2.11)] is Oseen’s director equation, as he says, in
a very abbreviated form. So, to make the system complete again, his main concern is
equation [7: (2.13)], which contains the antisymmetric part II*. For the term II* he
mentions a work by Toupin (1956) and section [14: §4] of Grad. However, he does not
see that the equation [14: (4.14)], after some thinking, is the one he wishes to have. He
only says: “Grad discusses conservation laws more general than those used here. In doing
so, he introduces an equation similar to (2.13).” In 1961 Ericksen [8] quoted from Grad
general conservation laws [8: (1)-(4)] and he combines his director equation [8: (16)] with
an equation for the antisymmetric part of the pressure tensor [8: (42)], which together
with the coupling [8: (35)] imply the equation of angular momentum [8: (44)] (zAZ+nAn,
d ~ {n). So he gave, without saying this, a different reasoning for the model of angular
momentum with . = pd A d’, which for general .# Grad stated in [14: (4.12)-(4.14)]
(- ~ pu) one decade before. In Section 6 we come back to this.

In 1967 I. Miiller had with a fundamental paper [21: On the entropy inequality| a major
impact on the theory. Leslie was also inspired by the work of I. Miiller and in the paper
[17] from 1968 he systemizes all previous approaches. In the entire paper he considered
for the first time the objectivity of all quantities and conservation equations. Especially
he writes the inner energy equation independent of the observer, that is, there is only
the contribution DvsII° on the right-hand side of equation [17: (3.13)], see also Chan-
drasekhar [3: (3.1.8)]. In the case of the entropy inequality [17: (3.14)-(3.16)], according
to I. Miiller, the entropy flow is assumed arbitrarily and with usage of the existing con-
servation equations the entropy inequality [17: (3.16) and (4.8)] is written in a general
setting. Then [17: (4.9)] the representation of of the free energy f = f(g,@,d, Dd) is
shown. After the entropy flux has been determined, he obtains the residual inequality
[17: (4.14)]. This inequality allows him to write the flux and production terms in stan-
dard terms and remainder terms, the latter then must satisfy the final residual inequality
[17: (4.18)]. This procedure is also adopted in the book by Chandrasekhar [3: 3 Contin-
uum theory of the nematic state].

[.Miiller 1985 presented in his book [22: 10 Thermodynamics of Nematic Liquid Crystals]
a chapter about the Ericksen & Leslie theory. As introduction he consideres a rigid
body approximated by mass points. He derived from the angular momentum and energy
for these collection of points [22: (10.4) and (10.5)], in a way which is comparable with
Grad, the equations of angular momentum and energy for the rigid body [22: (10.16)].
In this representation additional terms occur, which also are there in the continuum limit
[22: (10.19)]. He also proves in [22: 10.1.2.2 Balance of spin and director balance] that
for the spin . = od Ad’ the balance equation is equivalent to the director equation plus
the equation for the antisymmetric part of the pressure tensor.

In the book [10: Theory and Applications of Liquid Crystals] in 1987 by Ericksen &
Kinderlehrer were published essays of various authors on the subject of liquid crystals, one
articel by Hardt & Kinderlehrer [15: Mathematical Questions of Liquid Crystal Theory].
This article treats stationary problems and in particular uses free energies [15: (1.1)]
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(f ~ W, d={n) of the form

~

2f(n, Vn) = k1(divn)® + ka(necurln + ¢)* + x3n A curln|?
+ (kg + Ky)(trace (Vn)? — (divn)?),

see Frank [13]. “Other contributions to the energy may be given by magnetic or electric
fields”, see [15: 2 Existence theory for nematics and cholesterics]. It is studied, how
stationary solutions look like.

In 1969 Ericksen writes down the equations [9: (1)-(12)] and says: “We consider the
fluids to be incompressible and ignore thermal effects”. In 1991 he introduces the first
steps of the Q-theory in [12] because “the interest in liquid crystals is associated with
efforts to control their orientation”. In 1992 Leslie in [19] considers a form of total angular
momentum [19: (2.2)], but he says: “The inertial term associated with local rotation of
the material element is omitted because in general it is negligible.”

In 1995 Lin & Liu [20] made several simplifications of the model which, among other
things, lead to a symmetric pressure tensor. The outcome of this procedure is “the sim-
plest mathematical model one can derive, without destroying the basic nonlinear struc-
ture” (from [20]). This model has a symmetric pressure tensor, and several papers about
existence theory have used this model. As far as we know, since then only Lasarzig with
his Dissertation [16] has written a mathematical paper in which a nonsymmetric stress
tensor has been modeled for showing that a weak solution of the problem exists.

2 Main theorem
The problem is based on the following system of differential equations

0o + div(pv) =0,
Oy (ov) + div(gvv® +11) = £, (2.1)
0.7 + div(L V" +8) =H := 211" +T.

Here II is the pressure tensor in the general setting, that is IT = IT° +II* with an antisym-
metric part IT*. This part appears as right-hand side of the spin equation. The spin .7 is
by (5.8) an objective matrix, and ¥ is an objective 3-tensor. In general the spin equation
is written as a specific quantity .*P, i.e. . = 0.*P, so it follows using the mass equation
Oro + div(pv) =0

0.7 + div = H | (2.2)

where .*? is the material derivative of .”*?. We mention that we call (2.2) the “reduced
spin equation”, because H has been defined to make the equation

I + T =H (2.3)

an independent relation.
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Since we consider the temperature dependent case, we have in addition the differential
equation of the total energy e (see e.g. [1: I1.3.14 Mass-momentum-energy theorem])

Oe + divg =g :=vef + Dusl* + g. (2.4)

The objective scalar g is set to be 0, since e is the total energy which is assumed to
be conserved by the energy principle. The other contributions of ¢ depend on v and
therefore are not available for such setting. Of course, e contains the kinetic energy, but
also the spin has a contribution to e. Therefore, since we assume that there is no other
contribution to the energy equation, we write

e = g’U’2+§T‘5ﬁSp|2+5> (2.5)

where the remaining term e contains the absolute temperature 6, and where 7 > 0 is
assumed to be a constant. (It can be generalised to .#*eT.*? where T is a positive
definite 4-tensor, see [2].) We mention that the whole spin is assumed to be an energetic
term. Now, the kinetic energy satisfies (see e.g. [1: I11.2.2])

8t<g|v|2) + div(§|v|2gv + 1t v) =vef + Duvell,
and the spin energy, by multiplying (2.2) by .#*?¢ and doing an operation as above,
@(%y”@4wh(%§mﬁw+¢W%E):DYWQHJW%H,

here

ysl’:E = (Z YSPMZMJ) and D&’SZ’:E = Z YSpklrjEklj .
7j=1,2,3

k,l k.l
Subtracting these equations from (2.4) we obtain with ¢ =" v + 777X + ¢
O + div(ev + ¢) = —Dvs I — 7(D.7*F2% + .7 2H) . (2.6)
Altogether the equations for the temperature depending system are (2.1) plus (2.4). This
system reads, since ;e + div(ev) = £ + e dive and since . $H = . +H by 5.2,
Oro + div(pv) =0,

Oi(ov) + div(gvv® +1I) = £,

o (2.7)
0.7 + divi =H, 2II*+T=H,
£+edive = —divg — DvsTI° — T(D&”ST’:E + ysf’:ﬁ) .

These are the general equations we consider. There is a property which solutions of system
(2.7) have to satisfy, it is the entropy principle. It means that the inequality

o:=0m+ dive) >0 (2.8)

has to hold, where 7 is the entropy and v the entropy flux. We mention that this inequality
is the reason why 7 has to be an objective scalar.
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2.1 Assumption. We assume that 7 is an objective scalar. Therefore, if 7 is defined as
in (7.3), the Condition 7.1 is applicable.

If n depends on the variables (g, €) only, the entropy principle (2.8) is proved in Section 9
and we show in the theorem 9.1 that the pressure tensor II has to be nonsymmetric. As
we point out, this nonsymmetry is strongly related to the spin, which is explained in
Section 5. This is one model.

In models of nematic liquid crystals the main quantity is, in accordance with well known
theories, the director d of the corresponding fluid particles. The director d of constant
length ¢ > 0 is the characteristic quantity for crystals. We prove the main principle (2.8)
if 7 depends besides on (p, ) on the values and first derivatives of the director d, that is,

n =71(eo,e,d,Dd), (2.9)

for which the Condition 7.1 applies. Also here the pressure tensor II is antisymmetric. It
is clear that this antisymmetry is strongly connected to the spin, which is explained in
Section 5. Here the spin depends on the director d and has the following representation

P =dNd, (2.10)

where d is an objective vector. Now .#*P has to be an objective matrix, and this is true
if d' is an objective vector, which is the case when d’ equals the relative value, see 5.3,

d':=d— Aed. (2.11)

The main theorem is the following, which is a theorem on the entropy principle.

2.2 Main theorem. Consider solutions of system (2.7) with the spin satisfying (2.10)
S =odNd (2.12)

with d the director of the fluid. Let the entropy n and the entropy flux ¢) be of the form

~ 1
n="1n(0,e,d,Dd), n.= 7 >0, 6 the absolute temperature,

/ (2.13)
Vi = nvj +ved; = 3 dy (a , + 30 2medi S )
3 I
where 7 satisfies 2.1, and furthermore let
Pi=pld =03 Vd;@nva,, p:=00— 0, —ene), (2.14)

and let the relative velocity u := v — ve. Then the entropy principle (2.8) is satisfied, if
the entropy production satisfies the residual inequality

0 <o =n.Dut(P—1F) + Vn..eq
(2.15)

;o (0m = .
+d (@ + 27(77/8(2HA +T) — dlv(n/EE))d> :
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where T is defined in (5.14).
Remark: The last line written in components is

i /0 _
;dk (572 + QT;dz (210 + Tiy) — Zaj(ﬁ'ezklj))) :

J

and the first variation of n with respect to d is
07
=N, — Zaﬂ?'dk,j . (2-16)
ddy, 7

The costitutive equation of the entropy is well known, for example, see in the incom-
pressible case the free energy in Ericksen [9: (8)], Hardt & Kinderlehrer in Ericksen &
Kinderlehrer [10: (1.1) on p.152], and Chandrasekhar [3: (3.1.14)], and in the compress-
ible case see the entropy in Leslie [17: (4.9)] (n ~ 05) and L. Miiller [22: (10.39)] (n ~ on,
the additional terms are due to a not correct energy equation, see [22: (3.45);]). Observe
that the entropy flux ¢ in (2.13) has compared with Clausius-Duhem an additional term
in d" and such term is well known from phase-field theories. The form of the pressure
tensor II, especially the fact that it is nonsymmetric, is also very common, and the repre-
sentation II = P — S where S is the stress tensor often arises. All fluxes (II, ¢, X) of the
underlying theorem (2.7) are subject to restrictions due to the residual inequality (2.15).

Proof. With an arbitrary entropy function, of course being an objective scalar, and with
the dependence in (2.13) the main part of the proof is done in Section 8. The result of
Section 8 is the equation for the entropy production o in (8.5). The last line of (8.5) gives
rise to the form of the the entropy flux ¢ defined in (2.13). It contains terms which are
also in the Clausius-Duhem form and it contains an additional d’ term, which is familiar
with corresponding terms in phase field models.

The rest consists of three terms, where the second one is due to heat transfer ¢ and the
first term gives rise to define the Gibbs relation with the pressure p, see (2.14). The entire
pressure part P contains —) . Vd; ®7,y4, which may have an antisymmetric part. The
antisymmetry is also the case for Du with u := v —wvg, which is important for applications.
So the whole term reads

Dus(n..P — .. II),

which below in (2.19) is rewritten with I1 = P—S. So finally the d " term remains, and this
is the essential one which is discussed in further sections. Here the identity H = 211" + T
is used. [

The residual inequality says that one can as usual define the stress tensor S by
m=°rP-9, (2.17)

but where S here and in general has an antisymmetric part S*, and the pressure part
P as defined in (2.14) and is not only a scalar pressure p times the Identity. With this
definition one can formulate everything in terms of (S°,H) instead of II. Tt is

P-TF=P'+5°,  P*=—0%,(Vd;@nva,)" .

A 2.18
A = pA — 54, 21 +T =H, (2.18)
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hence the residual inequality (2.15) becomes

0<o0=mnDus(P*+5% + Vn.eq
(2.19)

;o (0m = .
+d'e (@ 427 (n H — d1v(n162))d> .

Hence this entropy production (2.19) is equivalent to (2.15) and has several realizations.
This will be exploited in the next section and we will show that the main results of the
existing theory for liquid crystals are correct. The representation of the d’ coefficient
together with the spin equation (2.2) looks similar to Emmrich et al. [5: (46a) and (48)]
in the Q-tensor theory.

3 Applications

Here we apply the main theorem 2.2 in order to show that results of Ericksen & Leslie
and Chandrasekhar in the incompressible case and 1. Miller in the compressible case are
correct, although they prove this with different assumptions. We treat here the system
under the following conditions

S =dNd (in detail: Sy = o(dpd, — dy,dy))
Y=dAT7 (m detail: Eklj = dkﬂ-lj — ijdl) (31)
ﬁ =dA qg + Zjajd A Tej (in detail: Hkl = dkgl - gkdl -+ Zj(dk’j,/rlj — ijdl/j))
where 7 is an objective matrix and g an objective vector. We show now that this is a

special case of system (2.7). Afterwards we prove that main results in the literature follow
from system (2.7).

3.1 Special case. Let an objective matrix 7 and an objective vector g be given with
(3.1), and assume that
0o + div(pv) =0,
0:(ov) + div(ovvt + 1) = f,
dA (od” + divr — g) =0, 2HA—|—F:ﬁ:d/\g—|-Zjajd/\7r.j,
£+edive = —divg — DusII® — 2027 (Dd s+ d =g) .

(3.2)

is true. Then system (2.7) is satisfied.

The third line of (3.2) is a consequence of the model by Leslie [18: (15) and (14)] and
Chandrasekhar [3: (3.1.9) and (3.1.10)]. Already Ericksen in [8: (16),(42) with coupling
(35)] saw the connection with angular momentum in [8: (44)].

Proof. The mass und momentum conservations in (3.2) and (2.7) are the same. To show
the reduced spin equation in (2.7), we notice that the first part of the third line in (3.2)
(equivalent to the director equation (6.4)) is just (5.21). With the help of Lemma 5.6
we see that under assumption (3.1) this equation (5.21) is equivalent to the reduced spin
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equation (5.13), which can be reformulated, since H = H + oI'?, into the reduced spin
equation in (2.7).

The associated conditions on IT* in both, (2.7) and (3.2), are the same, due to I' = T'+oI'”.

For the internal energy equation in (2.7) we calculate out using (3.1)

DN + . PiH=D(dAd ) (dAT)+(dAd)(dAg+ 3 0;dAm.;).
J

Using the rule (GAb)3(ZAd) = 2(@s7)(bed) — 2(Tsd)(be?) we get with the help of ded’ =0
and ded;d =0

D(dAd)i(dAT) =2 (0dAd +dANd;d)i(dAmy) =D (dADid )i (dAm,;)

J J

= 2|d|*Dd 27 — 23 (de,;)((9;d ) +d),

(AAd)(dA g+ 0d Amey) =2|df*d sg — 23 (dem,;)(d (9;d)) .

From ded’ = 0 we get 8jd-d' + doﬁjd' = (0 and thus
> (demay) (95 )od) + 3o (dem,;)(d = (9;d)) = 0.
j

j
So with |d|? = ¢% we have proven D.#*P2¥ + .7 H = 202(Dd 7 + deg). O

We do not refer to this system (3.2) because we know from 3.1 that system (2.7) is satisfied,
which implies that also all consequences we have made are applicable here with in addition
only using (3.1). Now, with the assumptions (3.1) we prove a special representation of
the d term in the residual inequality (2.15).

3.2 Theorem. Let the assumptions of the main theorem 2.2 be true and assume (3.1)
for ¥ and H. Then the residual inequality (2.15) becomes

0 <o =mn.Dus(P*+5% + Vni.eq

/ . 2 2 (33)
+dek (U’dk — dlv(n’de — 2/ T?’]leﬂ'k.) — 20 T77’e§k> .

Proof. In the main theorem 2.2 the d’ term was
Y —
> dy, (g +27 > di(nHg — 3 aj(ﬁ’gzklj))>
k k I j
) —
= S di (£ + 2mme S d(H — divD) — 27 X di(dym) s )
k ody, I 7l

Using the spin equation of the system (2.7) in the version (5.13) and lemma 5.5

S dpdy(H — divy)y = S dpdio( S =T = oS dpdy(d A d )y
k.l k1l k,l

= oY dpdi(dpd; —dyd)) = o(d ed ded” —d ed" ded) = —(*d +(0d").
k,l
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Using lemma 5.6, exactly (5.22), we see due to d ed = 0 that
—0%d e (0d") = 0?d "« (divr — g),
hence

2Ty d,;dl(ﬁ — divE)y = 2777/€€2d/-(div7r -g).
]

Also by assumption (3.1)

—27 Z d,;dl(ajnle)Eklj = 27 Z d];dl(gjn’e)(dkﬂ-jl — ijdl)
k,j,l kJ,j

= —27d’ -dZdl () + 270 de (1) = 2702d o (V1))

Then it holds all in all
) _
S i (o + 27 S i F = 50, (-5)) )
ody, 1 7

Z dk<— + 27027 (div(7) — g)i + 2T€2(7TV77/5)]€)
ddy,

= Z dk (T]/dk — diV(T]/de) + 27’€2 diV(T]/s’]T)k — 276277/5%)
k

= Zdl:: (n’dk - diV(U/de - 2T€277/57rk-) - 275277'5916) .

k O

In the following we do something which is similar of introducing the S term as coefficient
of Du in the entropy production. We introduce an undetermined g; so that the coefficient
of the d’ term in (3.3) is

na — div(npg — 270 .7) — 270%0..9 € 270091 +{d'y . (3.4)

Therefore given ¢g; we assume the following for 7 and g in terms of derivatives of the
entropy 7

1 1
= ———Nipg— d = ——nig— (vd +Dd ) —
TS Sy ®B, g 2rizn (vd+DdB) — g1,
. . 0 0
in detail: Thj = Wn/d,w. — dkﬁj y Gk = Wn/dk - (de + ;dk’jﬁj) — Y1k

(3.5)
where the vectors 3, € R? are due to the indeterminacy of m and ¢g. In Chandrasekhar in
the incompressible case [3: (3.1.16) and (3.1.20)] (with 7 ~ —7 and g ~ —g and f ~ F)
these definitions are done for the free energy function f = ¢ — 07, in detail

f=f(0,0,d,Dd) = ¢ — 07(0,e,d,Dd) for 607.(0,c,d,Dd) =1,

where then it is assumed that in the used range 7 is a convex function of €. Then the
definitions above read

1

Thj = — gt rde,;, — Bj, gk = 5

5 52 fra, — (v + 2 diriBi) — gk - (3.6)
J
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These definitions are also contained in I.Miiller [22: (10.62)¢ and (10.62)7] in the com-
pressible case (with 8 ~ 8 — ofrgad and m ~ —1II, g ~ g, f ~ 1, 0 ~ T). We obtain
the following theorem.

3.3 Theorem. Let the assumptions of the theorem 3.2 be true. Then the constitutive
equations (3.5) imply that the relation (3.4) is satisfied. Moreover, it follows that the
entropy flux is of the Clausius-Duhem form

Vi = nvj +1eq;
and the residual inequality (3.3) becomes
0 <o =n.Dut(P*+S% + Vnreq+270%n.d «g, . (3.7)
Proof. From (3.5) it follows
%: 0; (n:d,w. — 270 emyy) = 2707 ZJ: 9; (n-edi3;)
= 2702 div(n..3) dy, + 271 Z Nredyr; 55,
j

Nay — 270019, = 2700 - (vdy, + > diiBi + Jik)
J

hence
T]/dk — diV(’f]/de — 27’627]/671']“) — 27—5277’6% = 2T€277/591k —+ 27'62 (77/5’}/ — le(T]/E/B))dk,

therefore (3.4) is satisfied since ded’ = 0.
For the entropy flux it is in (2.13) by (3.5)

Y2t By = Y 210 di(dpmy — dimyg)
l l
= ; 2T’r]/6dldkﬂ'lj — 2T€277/€7Tkj = ; 27—7]’5dldkﬂ-lj + 2T€27’]/€dkﬁj — n/dk,j s

and therefore

S, (Mray,, + D0 2T0rediSpy) = 21002 > d;;dk( S dimj+ 2B;) =0
k: I % I

since ded’ = 0.
The two constitutive relations (3.5) imply that by (3.4) the d' term in the formula of o
is rewritten as d’e(270%1..g1). O

The following lemma uses the fact that P* can be expressed by S* and g;.

3.4 Lemma. Let the assumptions of the main theorem 2.2 be true and in addition assume
that 27¢* > 1 and take the special cases (3.1) with (3.5) for 7 and g. Then the residual
inequality reads

0<o=n.Dus (SS + (282 —dAg — F)) + Vneeq+27020..d o g (3.8)

2742 -1

Remark: In applications usually it is assumed that T’ = 0.
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Proof. By using theorem 3.3 the residual inequality (3.3) reads
0<o0=nDus(P*+5% +Vneq+2r0?n.d o g, .
We have to show that
(2-4%)P*=25"—dng —T. (3.9)
Since 2II* + T = H and because of the representation of H in (3.1) we get
dAg=2T1" —3(9;d) Ay +T .

J
With the constitutive equations for 7 and g (3.5) this is
1
nia— g1 — (vd +Dd f)) = 21 — 37(9;d) A (

27020, 7 270?11,

N

maga — Bid) +T.
The ~ term vanishes and the £ terms on both sides are equal, since

—d A (DdB) =3 B; diy Ad =3 (0;d) A (B;d),

therefore ) )
— g — =211* — S(0:d) A (————n15, T
27g2n,577 d 91) Z( id) (27_@27]/577 6]d) +

J
Now with IT* = — S§* + P* it results into

dn(

dANgi+T = (d A nra+32(95d) Amprg,a) — 2118
7

1
2T€277/E
b A
- T2, (doma+ Z@jd)@??'ajd) —2T*
€ J
1 A . 1 R
- (X (Vdi)®@nrva,) — 211 :@PA_QH

_T€2n/5 k
by Condition 7.1. Since P* — 2II* = 25 — P* it follows
1 —
dhg =25 -~ (2——)P*-T
g1 ( 7'62) )

that is (3.9). O

In the following we give applications to the residual inequality (3.8) where first we use a
connection between S* and ¢;. This connection leads to the belief that the Du term and
the d’ term in the residual inequality have to be considered together as one term, and
here it is given as quadratic form. Suppose S and g; are given in the form

S =5(p,e,d,Dd,d’, D)
= p1(deDd) d®d + (p2d®d’ + psd ®d) + paD° + v(dive) Id
+ (p5d®(D°d) + ps(P°d)@d) | (3.10)
g1 = g1(0,6,d,Dd,d’, D°) := \id' + \yDd,
where D :=(Dv)® and D°=1D — 5 (divo) Id.
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Here the coefficients ug, K = 1,...,6, and \;, £ = 1,2, and v are objective scalars and
can be functions of (o,¢,d, Dd,d’, D). This defines the stress tensor S as objective tensor
and these definitions are the compressible generalisations of the definitions in Ericksen
[9: (13)] and later in Chandrasekhar [3: (3.1.36) and (3.1.37)]. The assumptions (3.11) on
the coefficients one can find in Ericksen [9: (9) and (10)] and Chandrasekhar [3: (3.1.34)]
and in I.Miller [22: (10.65)].

3.5 Lemma. Suppose S and g; are given as in (3.10) with general coefficients Ay, ux and
v. Then under the condition

AL = g — 3, A2 = 5 — M (3.11)

it holds
254 —dAg =0.

Proof. Due to d Ad' = 2(d®d')A one gets
A
25% = 2y — ) (d®d’)" + 2(pus — 16) (dRD°d
= (g — ps)dAd + (ps — pg) AAND°d = d A gy . 0

)A

We now compute the quadratic form in the entropy production, where we mention that
the assumptions (3.10) have been made so that the term o, := (Dv)° £ 55 + 2702d e gy of
the entropy production has this quadratic form.

3.6 Theorem. Assume S and g; are given as in (3.10) with the constraint (3.11) and
assume [' = 0. Then the residual inequality reads

0 <o =n.((Du)’2S% + 27024 «g1) + Vnicoq
=1 (VV2 + 2 (pal? + s+ pe) VA + (s + Ol + ps + p16)) AT
+a(A3, + A§3 + 2/\32) + (240 + (5 + NG))A?QA
+270MT? + (g + ps + 270 X0) TAoy + (244 + (s + M6))A§1) + Vniceq
(3.12)

with V := dive and T := |d'| and Ay := epoD’¢;, where {e1, ey, e3} is an orthonormal
moving frame of R? with d = fe; and d’ = |d'|ey = Tey if T # 0 and e5 = e; Xe5.

Proof. Of course D = D — V1d with D?¢1d = 0. This said, the residual inequality (3.8)
becomes, because of lemma 3.5 and I' = 0,
0<0=n.(Dv)’ 285+ Vneq+2r%n.d «g, . (3.13)

We are interested into the first and last term. Since

D:d®d = deD°d,

Ds (dwd')’ = d'«Dd,

D°: (dD)° = |D°d|*,

VIds S® = V - trace (%) = vV? 4+ V(url? + ps + pig) doD°d,

|DO|2 = ; Ail - A%1 + A%z + A§3 + 2(/\%1 + A§2 + A§1) )
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we obtain, without the multiplication by 7.,

04 = (Dv)° 255 4+ 27024 e gy = (D° + VId) s S° + 270%d s g,

= | deD%d|” + (pa + pis) d' «D°d + pua| D)
+VV? 4 (11 + s + p16)V doDd + (p5 + p16)| D]
+2702(M\|d [P + Ao d «(D%))

= nlers(De)]” + ju|D°
AUV (1l + s+ 116)°V e e DOy + £ (5 + p1) | Dler
42702 N T2 + £(pag + pr3 + 2702 X5) T eg0 (D)

= Cn ATy + g (A7) + Ay + AGy + 2(A3; + A, + A3)))
+UV? + 8 (al? + s + pi6)VArr + (s + pe) (A + A3, + A3))
+270° M T? + € g + p3 + 270°X2) TAgy .

The entropy principle says 0 < 0 = 1.0, + V1,.¢q where o, has the asserted form in the
variables (T, A, V). O

For the coefficients in definition (3.10) the following is true under the assumption that
the part o, > 0.

3.7 Lemma. Assume S and g; are given as in (3.10) with constraint (3.11). Assume
further that (like the entropy) the coefficients ug, K = 1,...,6, and Ay, k = 1,2, and v
are functions of (p,¢,d, Dd). Then if o, > 0 for all solutions this implies the inequalities

pi>0, v>0, A\ >0,
(pa+ Pl + ps +p6) >0, 2ua+ C(us + p6) >0,)
Av (g + Ol + s + p6)) > L (20 + pis + p16)°
8A1 (200 + (s + 16)) > (pa + p3 + 202X,)?,

have to be satisfied. The second line is redundant if v > 0 and A\; > 0.
Addition: If in addition ¢ = q(p,¢,d,Dd, Vo, Ve) then the entropy principle ¢ > 0 is
always satisfied if and only if always o, > 0 and Vn..eq > 0.

Proof. The coefficients A, p, and v are independent of (T, A, V). First of all the terms
with T2, A, and V2 must have nonnegative coefficients. Second and last there are two
quadratic forms in (V,Ay;) and (T, Ag;) which have to be nonnegative. Therefore the
corresponding symmetric matrices must have a nonnegative determinant. These are the
inequalities. This is true, if [ = 0. With o, := Vn,.eq we then get that o = 110+ 0gq 18
always greater or equal to 0 if (and only if) always o, > 0 and o, > 0. O

Now we treat the case, that the heat is coupled to the spin. In the following application
this coupling lets all the three terms in the entropy production (3.8) depend on each other,
that is, S* and ¢ and g; are related one to another. This application requires that we are
in a neighbourhood where 6 instead of ¢ is the independent variable, that is

0-n.(0,e,d,Dd) =1 and 7 is a concave function of .
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Then we assume
S =5(0,6,V6,d,Dd,d’, D)
= i1 (doD°d)d®d + (p2d®d’ + pzd @d) + p14D° + v(dive) Id
+(p5d®(D°d) + p6(P°d)@d) + (p7d@(dxVO) + ps(dx VO @d)
q=q(0,0,V0,d,Dd,d’, D)
=0 (ki VO '+ Kka(de VO ) d + kzdxd' + r4dx(D°d)) ,
g1 =01(0,0,V0,d,Dd,d", D) := \id" + X\gD°d + \gdx V.
Here the coefficients g, k=1,...,8, and ki, k =1,...,4, and \¢, k = 1,2, 3, and v are
objective scalars and can be functions of (o, 6, V6, d,Dd,d’, D). This defines S as objective
tensor and q as objective vector, and these definitions are the compressible generalisations

of the definitions in Leslie [18: (41)], where the rj terms are normalised differently. In
[22: (10.62),] I.Miiller has defined the heat flux (in our notation)

(3.14)

q=—F1 V0 —Fo(deVO)d (R =0k,

hence the rest terms are both zero. The assumptions (3.15) on the coefficients one can
find in Leslie [18: (42)].

3.8 Lemma. Suppose S, ¢ and ¢; are given as in (3.14) with general coefficients A, Ky,
ty, and v. If

AL = o — 3, Ao = 5 — lg , A3 = 7 — lg (3'15)
it holds
25% —dAg =0.

Proof. Due to the rule a A b=2 ((‘i@g)A for a, b € R3 we have that
A A 0 A —1 A
25% =2(p2 — p3) (ded )+ 2(us — pe) (dR(D°d))" + 2(p7 — ps) (dR(dxV 7))

= (2 — p3)d N d' + (5 — po)d A (D°d) + (p7r — pg)d A (dxV67)
=dA (Md + DA+ \gdx VO ) =dAgi .

The entropy inequality becomes in this case totally a quadratic form.

3.9 Theorem. Assume (3.14) is given with the constraint (3.15) and assume I' = 0. Then
the residual inequality is a quadratic form in (T, A, V,©) and reads

0< b0 =(Du)’ 5% +2r0%d gy + VO " o
= (VV2 + Ol + s+ pa6) VAL + (s + C(pnl® + s + ) AT
Fpa (A5 + AZy + 2A3,) + (210 + (s + p16)) A3,
PPN T2 4 £ + pra + 2700 TAoy + (240 + (s + uﬁ))Agl)
"‘(('fl + %K) |01]% + K1 (|92 +1O3]%) + (ks — 27£°X3)(TO3
+ (kg — (pr + ps)) (O3 — @2/\31))
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where O, := ¢,eV O ! and T, V and A;; as in Theorem 3.6.

The terms in the first big paranthesis are those which were there already in Theorem 3.6,
the additional terms are the terms in the last big paranthesis.

Proof. We only treat the terms containing the O variables, since the other terms are
already contained in the proof of Theorem 3.6. Let us first consider the g; term

2r0%d e gy = 2702\ |d | + 2702 X\od o (D d) + 270%\3d "« (dXx VO
For the last summand we get
dxd = (Te;xey = (Tes hence (dxd )eVO ' =(TOs,
thus  270%\3d s (dxXVO™) = —2702X3V0 Lo (dxd) = —270°\3TO; .
Now we consider the ¢ term
OV eq = k1| VO + k| VO ed|?
+k3VO e (dxd) + k4 VO e (dx (Dd)) .
It is easily to see that
K1 |VOT? 4 ko VO ed|? = (k1 + (PK2)|01) + 51(]O2* + |03]%)
and further
dxd = (Te;xey = (Tes thus ks(dxd )eVO™' = kg(TOs

dX(DOd) = 6261 X(D061> = £2€1X(A2162 + A3163) = 62 (A21€3 — A31€2)) s
thus  ky(dx (D°d))e VO = kyl?(O3M9 — OsAz) .
So together we obtain
QVH_loq = (fil + €2H2)|@1’2 + K1<|@2’2 + |@3’2)
+/€3€T@3 -+ 5462(@3/\21 — @2A31) .

Finally we consider the S term. The symmetric part of the stress tensor reads

S5 =y (deD°d)d@d + (2 + 13) (d@d ') + D + v(divo)ld
+(t5 + 1) (d®(D0d))S + (7 + ps) (d®(d><ve_l))s :

For all terms except the last summand on the right-hand side, we have calculated the
scalar product with (Du)S in the proof of Theorem 3.6. Now we treat the last summand.
Using (Du)® = (Dv)® = D° + (dive)Id we compute defining p := pi7 + is

(D) 2 ((dx VI M @d)® = ul? (Do) 2((ex VO ) ®e)

= ul*((D° + (dive)Id)e; )« (e X (Oqey + Ose3))

= u@Q(Doel)-(el X(@263 — @362)) = M€2(@2A31 — @3A21) .

Combining these terms with the proof of Theorem 3.6 we get the assertion. [
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Reordering the terms of Ao gives one 3x3 matrix, two 2x2 matrices, and four single values:

0< 00 =(Du)’ 5%+ 2702d g, + OV O L og

= (VV2 + (P A s+ ps) VAL A (pg + (a0 + s + M6))A%1>
a2 (A%Q + Ags + 2A§2)

+</<1|@2|2 — (kg — (p7 + p8))O2As1 + (204 + (115 + MG))A§1> (3.16)
+(l€1 + £2K2)|@1|2

+ <27€2)\1T2 + L + pra 4 2702 Xg) TAoy + (2014 + € (115 + p6)) A3,
+/€1‘@3’2 + g(lﬁg — 27’62)\3)T@3 + €2</€4 — (/L7 + Mg))@gAgl)

If the indicated matrices in (3.16) are positive semidefinite, then the entropy production
o is nonnegative. We write this fact as lemma.

3.10 Lemma. Let S, g; and g be given by (3.14) as in the Theorem 3.9 and assume I' = 0.
Further assume that py for k =1,... .8, Ny fork=1,...,3, kp for k=1,...,4 and v are
functions of (g, 8, d,Dd). Then ¢ > 0 for all solutions is equivalent to the inequalities

ps >0, K+ PRy >0,

[Q(M + Pl + ps + 1)) L2 (al? + us + e ] -0
C(ual? + pis + pe) -
{2(%4 + (s + ps))  —L*(ka (M7+M8))} _

— (kg — (p7 + pg)) 2k
470% )\ Oz + pa + 270°X5) (kg — 270%\3)
s+ pa + 270 Ng) 220 + (s + p16))  02(ra — (u7 +pas)) | 20,
((ks — 270*\3) (kg — (7 + 1)) 2Ky

Proof. This is because all coefficients do not depend on (T, A,V,©). [

This is the same as one can find in Leslie [18: (35) and (44) or pp.13-15]. His equation
(35) is based on the heat flux in equation (33), which depends only on k; and Ky (as
[.Miiller in [22: (10.62)4]), and his equation (44) is the statement on a 3x3 matrix, which
is exactly our 3x3 matrix.

4 Auxiliary lemmata

We take a vector b with the following transformation rule
boY = Qb*, (4.1)

where Y is the transformation between the observer with coordinates (¢, x) and another
observer with coordinates (t*, z*). The transformation has the form

(5D [t s = Toe e 62
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with an orthogonal matrix ¢) having determinant 1 and an objective vector b. We denote
by X etc. the time derivative w.r.t. t*. It follows by differentiating the formula (4.1) the
following well known lemma.

4.1 Lemma. It is (Db)oY = QDb*Q", that is, Db is an objective matrix. This result
applies to the director d.

Proof. From (4.1) it follows 0y (boY') = 0,

*
J

(Qb") = Q0,+b" and from the chain rule

am;(boy) =2 (05,0)0Y - Qy; .
i>1
Therefore
> (04,0)0Y - Qi = Q@x;b* (4.3)
i>1
which gives the result. O

4.2 Lemma. We get the following transformation rules for b.
(1) boY = Qb* + Qb*.

(2) D(b)oY = QDb Q" + QD (b°) Q".
These results apply to the director d.

Proof (1). From (4.1) we obtain by differentiating w.r.t. t* and

Qb + QOpb™ = 0= (Qb*) = Oy (boY) = (9yb)oY + 3 (dy,b)oY - X,
i>1
Q@x;b* = > (0y,0)0Y - Q;; for j > 1 by (4.3),
i>1
UiOY = XZ + Z QUU; for ¢ Z 1,

j>1

so by taking the sum of the first line and the second line multiplied by v} we obtain

i>1

Qb + Q(pb* + 3 00 b™) = (8ib)0Y + Y- (On,b)oY - vi0Y
Jj=1

hence Qb* + QbCzk = on. O
Proof (2). We compute using (1)

o

S (bi) oY - Q5 = (oY)

J

=3 (Qab" 5 + Qib™irj)

(2

=2 (Qib: + Q™) 7

hence for all 7, j

(bi)rjoY = Z QiQi3b% 55 + Z QiQj3b% 5
(25 2,7
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or in matrix notation

(D(B))oY = QDb QT + QD(b) QT . -

4.3 Lemma. Let G, for any b with (4.1) be a vector satisfying G,oY = Qb* + QGx. and
let B be any antisymmetric matrix satisfying BoY = QQ + QB*Q*. Then

o

(1) b— G is an objective vector.
(2) b— Bb is an objective vector.

(3) D(Z) — BDd is an objective matrix.

These results apply to the director d. In (2) one chooses B = Ag, that is

d =d-— Aed  is an objective vector. (4.4)

Therefore one can apply (1) to d” and Gy = Agd’ which gives

d"=d — Agd' is an objective vector. (4.5)

Proof (1). To prove (1) we compute using 4.2(1)

(b—Gy)oY = boY — Gyo¥ = Ob* + Qb — Qb* — QG = Qb — GL.),
hence g— (G is an objective scalar. Il
Proof (2). Set Gy, := Bb. Then it follows that
(Bb)oY = (QQ" + QB*Q")Qb" = Qb" + Q(B*b"),
the rule for Gy. Thus (1) can be applied. O
Proof (3). For the proof of (3) we use 4.2(2)

o

D(d)oY = QDb* Q" + QD(b") Q" .
Using 4.1 we combine this with
(BDb)oY = (QQ" +QB*QMQDy' Q" = QDb Q" + QB*Dy* Q"

and we obtain that the difference D(b) — BDd is objective. Il

Proof of rest. We take for A, the transformation formula (5.3), which is the transformation
fomula of B, and compute with (4.1)

(Aeb)oY = (QQ" + QA; QV)QV" = Qb* + Q(ALV")

which is the transformation formula of G,. ]
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5 Spin equation
We start with the usual conservation for mass and momentum

0o + div(pv) =0,

' T (5.1)
O(ov) + div(gvv™ +1I) = £,

where II is a general matrix including nonsymmetric parts. We define the orbital angular
momentum £ = r A p by a matrix consisting of the relative position r = z — ¢ and the
relative momentum p = o(v — &), where t — £(t) is the reference orbit, that is

L= (-8 No(v—=F).

For the reference orbit not only the position £(t) is required, but also how it (by which
we mean the virtual observer) turns around its body (see [1: I1.6.2]), or equivalently, he
as observer is turning with his body.

5.1 The virtual body. The antisymmetric matrix ¢ — A¢(t) describes the velocity of
the virtual body, including its rotation, and is given by

ve(t, @) = E(t) + Ae(t)(z — (1)) (5.2)
This means Dve = A¢ and that A¢ satisfies the transformation formula
AcoY = QQ" + QA Q" (5.3)

as derivative of a velocity. The speed of this body in space is t — £(t) = ve(t, £(t)).

For the orbital angular momentum there holds the following equation, which follows
directly from the mass-momentum system (5.1) (one can find this in all physics books
where II is not assumed to be symmetric)

0L + div(Lv" + (2 — ) AT = —2T1* + (v — &) A (£ — 06) . (5.4)

This is the reason for the following definition of the angular momentum _# (see Grad
[14: (4.13)] (&£ ~ M, II ~ P) and DeGroot & Mazur [4: Chap.XII §1(3)] and Alt
[1: (116.12)])

8 7 + div( T +3%) =T,

o o (5.5)
X = (Eklj> , I'= (sz> :
klj=1,2,3 kl=1,2,3

and _¢ satisfies the transformation rule
FoY =g (Qz* =) AN Q" =)+ Q77 Q"

which is the rule that holds for 2. The spin is defined by % = ¢ — 2, ie. it sat-
isfies the difference of (5.5) and (5.4), which is the spin balance equation (see Grad
[14: (4.14)] (& ~ u, ¥~ @, Il ~ P) and DeGroot & Mazur [4: Chap.XII §1(8)] and
Alt [1: (I16.15)))

0, 4 divy (LT + %) = 211" + T, (5.6)
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where

Y=(x—-& ANII+X (X couple stress density), (5.7)
I'=(z—& A —0f)+T (I intrinsic body couple density). '

The transformation rule for the spin . is therefore the difference of the transformation
rules for ¢ and ., which is

oY =Q.7 Q" . (5.8)
that is, the spin . is an objective tensor satisfying the spin balance equation (5.6). This
equation we write

0, + divy (L' +¥) =H with H:=2II* +T. (5.9)

We mention that this equation satisfies the invariance principle for different observers, see
[1: (I5.13)], which means, that .7 satisfies the transformation rule (5.8) and (after some
computation) the following rules
YpioY = > QuQuiQu Xy »
klj
HyoY =3 (QuiQu)” 7+ 20 QueQu Hyg -
Kl el
We mention that then the equation holds for all observers. As consequence of the trans-

formation rule the right side of H can be split into H = H® 4 H, where H° satisfies the
transformation rule of H and H is an objective tensor, that is

H=H+H" where HoY =QH Q". (5.10)
A good choice of H is given by
H =By +.B", B=A. (5.11)
5.2 Lemma. H° has the transformation rule of H and . $H" = 0. Therefore
SH=.7:H.

Proof. Here B can be any tensor with transformation rule as A, that is,
BoY =QQ" +QB*Q" .
Then from (5.11) and (5.8)
H0Y = BoY Q7" Q" + Q7" Q" (BoY)"
= (BoY Q).7* Q" + Q7" (BoY Q)"
= (Q+QB)7" Q"+ QI (Q+QB)
= Q" Q"+ QIQ + QUQT
the assertion on transformation rule for H°. And
S0 = 7B+ 73S BY) = By(S ST+ ST ) =0

since B is antisymmetric and .. +." .7 is symmetric. [
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In many cases the spin is given so that one can define the specific spin .#*P by . = 0.7*P
and therefore H? = oI'° with

[Y:=By*®+. "B B=A. (5.12)
Then, because of the particular mass equation, the reduced spin equation reads
o(F® —T9) + div,s = H, (5.13)
where H = H + oI'® and
2" +T=H with T'=pI°+T. (5.14)

Equation (5.13) is the mostly used form of the reduced spin equation. The equation for
the antisymmetric part IT* is then (5.14).

Specific choice of the spin

We now come to a specific choice for the spin. As often explained in the literature, see for
example [22: 10.1.1 Equation of motion of rigid rods], the spin contains a director d € R3
with |d| = ¢ = const > 0, which is an objective vector doY = Qd*, and has the form

S :=d N Ad, where A is antisymmetric (5.15)

and an objective matrix, i.e. AoY = QA*Q" (see [1: (IV17.11)]). Hence .7, as it should
be, satisfies (5.8), that is, is an objective tensor. This form of the representation of .
is known in literature and it is a first approximation of a real material. In literature the

specific spin .¥*P in this case is usually denoted by d A d, but this is not correct for an
observer independent description as explained above, where .#*P has to be an objective

tensor. Now d transforms with doY = Qd* +Qd* by 4.2(1), therefore d is not an objective
vector, and our final claim (see Addendum 5.4) is that

’ o

P =dnd, d:=d-Ad, (5.16)
where A¢ is the antisymmetric matrix from 5.1. Then the following is true.

5.3 Lemma. d’ is an objective vector and the spin . defined by (5.16) therefore is an
objective matrix.

Proof. d' is an objective vector by (4.4). Hence d A d’ satisfies
(dAd)oY = (Qd) A (Qd™) =Q(d" Ad*)Q",

this gives that . defined by (5.16) is an objective matrix. ]

We have still to clarify why the formula (5.16) does not contradict the original represen-
tation of the spin in (5.15).
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5.4 Addendum. In addition to 5.3 there is an antisymmetric and objective matrix A
such that d' = Ad. Hence the spin .*? = d A d’ in (5.16) is of the form (5.15).

Proof. Because |d| = ¢ = const we have 0 = (|d\ )° = 2ded hence d is perpendicular to d.
By an algebraic computation (d ><d) xd=dedd — dedd = EQd therefore

d = wxd = R(—w)d

1 ¢ 0 ¢ —¢@
with w = €—2d><d and R( G2 ) =|—q 0 Q1
43 2 —qa 0

Since d is an objective vector we have proved the transformation rule doY = Qd* + Qd*,
see 4.2(1). This implies that

1 * N 7% o* 1 * N 7% *
wo = QU)X (O + Q) = 5(Qd") x(Qd) + Qu

Now with d := Qd* and B:= QQ" and @ :=R! (—E) by an algebraic computation

(Qd")x(Qd") = dx(QQ" d) = dx(Bd) = dx (axd)

=deda—asdd=0CR " (—=B)—R ' (=B)ed d,

which gives

woY =R (—=QQ" )——R‘ (—QQ")ed d+ Qu* . (5.17)
In order to get the correct transformation formula we have to add a multiple A of d to w

Wi=w+ A,

where w by definition is orthogonal to d, therefore the inhomogeneous term in (5.17) is
the projection of R™! (—Q Q") onto the space orthogonal to d = Qd* = doY . Since

(Ad)oY = (AoY — A\ )d + Q(\*d¥)
we can choose the )\ for the observers so that?
AoY = gz( _1 (_QQT)).(QCZ*)+)\*7

that is, A is chosen equal to 0 for a specific observer and then by this formula for all other
observers. Therefore

(Ad)oY = 22( R (—QQY))ed d + Q(\d"). (5.18)

Adding the two equations (5.17) and (5.18) we get
woY =R (—QQ") + Q&

fThis transformation formula satisfies the associative law
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and applying the linear map R to this equality leads to
R(=@)oY = QQ" + R(-Q&") = QQ" + QR(-7") Q" .
So defining Ay = R(—©) gives
AgoY =QQ" + QAL Q" (5.19)

the wanted transformation formula for A,, and we have
d=wxd = (@ - M)xd = 5xd = R(—5)d = Aud.

With this it is easy to define A := A; — A, which then satisfies d =d— Aed = Ad. Now
Ag satisfies (5.3) which is the same as (5.19), therefore A is an objective matrix. O

We now let .#*» = d Ad’ as in (5.16) and obtain

5.5 Lemma. Using (5.16) we get for the time term
ISP T =dnd",

where d” = d’ — A¢d’ is an objective vector by (4.5).
Proof. 1t is

(d/\d’)°:3/\d'+d/\d/:(d/+A§d)/\d'+d/\(d”+A§d/)
= (Aed) Nd +dA(Aed )+ dAd" = A(dAd) +(dNd) AT +dAd”
= AP+ SPAT +dANd =T +dnd”,

hence .#* —T0 =dAd". O
We now use special terms for ¥ and H as they occured in the theory of Ericksen & Leslie.

5.6 Lemma. The reduced spin equation (5.13) with .#** = d A d’ and the identities
S=dAm, H=dAg+Y,0;dAm,;, (5.20)
where 7 is an objective matrix and g an objective vector, is equivalent to
dA(ed" + divr —g) =0, (5.21)

in other words
od" 4 divr — g € span {d} . (5.22)

Remark: Hence the director equation (6.1) is true for some real valued function .
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Proof. We obtain using the identity (5.13) and the previous lemma 5.5

o( S — T + divs = pd Ad" + divE
=dA(ed")+ div(d A7) =dA (ed") + 3 9;(d A ;)
J

=d A (od" + divr) + 32(9;d) A 7.,
J
and
ﬁ:dAg+28jd/\7r.j,
J
Therefore the spin equation, i.e. the equality of the left sides

o( P — T + dive = H,
is equivalent to the equality of the right sides
dA(od" + divr) =dAyg.

This is equivalent to
dA (od" 4+ divr — g) =0,

which is equivalent to the assertion. O

6 Director equation

The purpose of this chapter is to give an independent definition of the director equation
and show its connection with the spin equation. The director equation is of the form

at(gd/) + div(gd/vT +7) = g + oG

6.1
gx =g+ Ad with a real valued function A, (6.1)

where d’ == d — Ag¢d is an objective vector by (4.4), i.e.
d' oY = Qd*' . (6.2)

Moreover the definition says, see the invariance principle [1: (I5.13)], that the test func-
tions of this equation transform with ¢* = Q' (oY. This is true if 7 is an objective tensor
and '

GoY = Qd + QG* (6.3)
and the rest g, is an objective vector.

6.1 Lemma. The equation (6.1) is equivalent to

od” + divr = gy (6.4)

where d” := d — G is an objektive vector by 4.3(1) (with b = d’ and G, = G) if (6.3)
holds. This is a more general definition of d” than (4.5).
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Reference: The equation (6.4) is important in the Ericksen-Leslie theory, see Ericksen
[7:(2.11)] without 7 and Leslie [17: (3.7)] (7 ~ —), and for the incompressible case in
Chandrasekhar [3: (3.1.9)]. The term g is called the “intrinsic director body force”.

Proof. We have that with the mass equation of (5.1)
Ay (od') 4 div(ed'v) = od = o(d" + Q)
hence (6.1) becomes

0=20(od) + div(ed v+ ) — (g + 0G) =
= o(d" + G) + divr — (g + 0G) = od" + divr — gy.

O
In this paper we have assumed a reduced spin equation (2.2)
0.7 £ divE —=H with .#% —dnd (6.5)
where by (5.10) the right side H is equal to H = H® + H with (5.11)
HO = p(AeS? + S PA") = o((Ae(dAd) + (dAd') AT 66)
= o((Acd) Nd" +d A (Aed")) .
We show now that (6.1) implies (6.5) for certain ¥ and H.
6.2 Lemma. The following is equivalent:
(1) The director equation (6.1) with G = Agd’ for a function \.
(2) The reduced spin equation (6.5) with
S =pdANd and T =dA7m and ﬁ:d/\g+%:(9jd/\7r,j. (6.7)
And the following holds as consequence: If to the reduced spin equation one adds
2HA+F:ﬁ:d/\g+;(3jd/\7r,j (6.8)

one gets the spin equation, see (5.9). Equivalently, one takes the director equation for
some function A and adds (6.8) as additional equation.

We see that the (full) spin equation, given as (6.7), contains all information needed for
this model of liquid crystals.

Reference: The equation (6.8) one finds in Leslie [17: (3.10)] (—7* ~ &, I = 0), what
he gets from objectivity considerations about the internal energy equation, and for the
incompressible case in Chandrasekhar [3: (3.1.10)] (—7* ~ 7, T = 0), what he gets from
the conservation of angular momentum together with the director equation.
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Proof of the equivalence. The definition G = A¢d’ implies the transfromation rule (6.3)
which has to be satisfied. The spin equation reads by (5.13) with definition (5.12)

0.7+ divE =H=oI" + H,

where by 5.5

P T —and”.

Assume (1). To show (2) we compute by the director equation (6.4)

ngp—gFO—k divy = d A (ed”) + divE

=dAgy—dA divr + divd

=dANg+ Y 0;dAT+ div(E —dAT) =H,
J

since we assume the identities for ¥ and H in (2). Hence the spin equation is fulfilled.
Now assume (2). To show (1) we obtain using the identity for 5; *P from above and the
formula of X
H= 0.9+ divs = o(d A d" +T° + divs
= dA(od") + div(d A ) 4 oI
= d A (ed" + divr) + 3 0;d Ay + oI,
j

hence by the formula of H

dA(ed" + divit) =H — oI° =S 0d A7, =dNg.
J

This is equivalent to
dA (od" + divr —g) = 0.

Hence od” + divm — g = Ad for some . ]

Reference: In literature for 7?7 = d A d’ the connection between angular momentum
and the director equation has been treated in Leslie [18: (8),(14)-(16)] in 1979, where he
writes: “It is clear that the conservation law for angular momentum (8) is equivalent to
the integral balance (16) provided that the intrinsic director body force g satisfies the
relationship (14), and furthermore is indeterminate up to an arbitrary, scalar multiple
of the director.“ Later in 1985 I. Miiller treated his view in [22: 10.1], where he writes
down the balance of spin in equation [22: (10.21)] as a part of the angular momentum, as
DeGroot & Mazur [4: Chap.XII §1] did, and shows that this is equivalent to the equations
in [22: (10.23)], which is exactly our Lemma 6.2. The undeterminacy of g with a multiple
of d becomes clear later, it is contained in the constitutive part [22: (10.62)7].
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7 Objective scalar entropy
Since the entropy principle says
o:=0om+ divyp >0 (7.1)
the entropy n has to be an objectice scalar, that is
noY =n*, (7.2)

where Y :R* — R* is the observer transformation, see (4.2), and  and n* are the entropy
for the two observers. In (2.9) we make the following constitutive assumption on 7

77 = 7/]\(@7 87 d7 Dd) Y (7'3)

where n* = (0%, ¢*,d*,Dd*) has the same function 7 like . This is the well known
objectivity of constitutive functions. Hence (7.2) becomes

n(e",e*,d",Dd") = n* =noY
= 7j(0oY,e0Y, doY, DdoY) = 7j(¢", ", Qd",QDd* Q")

since p and ¢ are objective scalars, d is an objective vector, and from there Dd an objective
matrix, see 4.1. Thus it follows

(e, €%,d*, Dd*) = 7j(¢*, ", Qd*, QDd* Q") (7.4)

for every value p*, €*, d*, Dd*. And this holds for all orthogonal matrices ) with deter-
minant 1. For this matrix take s — (),, where s is a real variable and

d
@QS = A,Q, for s > 0 and Qg = Id

with a given antisymmetric matrix A;. Then by (7.4)
n(e*,e", d", Dd) = (0", %, Qsd*, Q:Dd* Q")
that is §

d/\ * % * *
0= &U(Q )€ aQsd aQst QST)
= ﬁ’d('-')'(Astd*) + ﬁ’Dd(m): (AstDd* QsT + Qst* (ASQS)T) .
In particular, for s = 0 and A := A,

0= (0", e*,d*, Dd*)(Ad*) + fipalo”, €%, d*, Dd*)2 (ADd" + Dd* A ).

Or we write this as

Swe write 1'pg Where 'Dd’ is a place holder for the last variables
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7.1 Condition. If  as in (7.3) is an objective scalar, then for all arguments (o, €, d, Dd)
and for every antisymmetric matrix A

0 = 7alo, €, d, Dd)(Ad) + fpal0, €, d, Dd)2 (ADd + DdA' ) .
Factoring out A and omitting the argument (g, ¢, d, Dd) we get
0 = Az (na®d +1:pa (D) + (:pa)" D) , (7.5)
which written in coordinates is

0= zzlk (ﬁ’didk + Z (ﬁ’di/mdk’m + ﬁ’dm/idm’k>> .
ik m

Hence the matrix in brackets of (7.5) is symmetric.

One can derive a corresponding formula for any other dependence of 1 (for d replaced by
an objective scalar see [1: IV.13.5]).

8 Entropy production
The main part of the proof is presented in this section. For the entropy we assume
n=1(o,¢,d,Dd) (8.1)
and for the specific spin we have by (2.10)
S =dNd . (8.2)
The entropy principle starts with system (2.7) which gives
0+ odive =0,
¢ +edivo = —divg — Dus I — 7(D/3% + .7*3H) .
Then we compute for the entropy production
o = 0m + divey = 1 + ndive + div(y — nv)
= 110+ 1eE A mrasd + ot (D) 4y dive + div(y — o),
and since .Z*?sH = .*?¢H by 5.2, where H is an objective matrix, this expression becomes
o= (n—on,—ene)dive 4+ div(y — nv) — 1. divg — Do I
+n/d-§ + 10t (Dd)” — nier (DFP2Y + 72 H)
= Doz ((n — 01 — enre)ld = eI ) + div(Y) — v — 1712q)
+Vneq + n,d.col + 0ot (D)’ — n.7(DSP2T + SP2H) .
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Here the classical things for the final version of the entropy production are done. So we
have essentially to deal with the d terms where the spin .# depends on d and d'. We

mention that d’ is related to d, see (8.3). But first let us use the fact that 7 must be an
objective scalar, consequently by Condition 7.1 there holds for any antisymmetric matrix
B satisfying the transformtion rule BoY = QQ" + QB*Q"

0 = 11ge Bd + 1:pgd (BDd 4+ Dd BY),
for example B := (DU)A. With this we get for the d-terms in the entropy production
04 - — ﬂ/d'd + n/Dd:(Dd)o

— ngs(d — Bd) + gt (Dd)° — (BDd + DA B")) .

Now d" := d — Bd is an objective vector by 4.3(2) and D" := (Dd)° — (BDd + Dd B")
satisfies the representation

(Dd) oz'j = (di/j)o = dz"jt + z dei’jk
%
= (di/t + > dei’k) e > vkridiog
e %
= (dz) T ka/jdi’ka
i
hence, where we use now B = (Dv)™*,

Zk: di'k(vj'k - Uk'j)

= (éz) ,; = (BDd)i; —

= N =

;di/k(vj/k + Uk’j)
= ((dz) e zk: Bikdk’j) — zk:dzlk (D’U)Skj .

The first term (in bracket) is by 4.3(3) an objective tensor in (7, ), and also, of course,

the second term with the symmetric part of the velocity gradient. Since d" = d — Bd we
get

(di) T Zk: Bikdk’j = (d? + Zk: Bikdk> i Zk: Bikdk’j = (d?) gt Zk: Bik’jdk )

which finally gives
D}, = (d]).; + gk; Bigrjdy, — Ekj din (DO)y

where now all three terms are objective tensors. This is because By in (i, k) is a tensor
which transforms like the derivative of a velocity, where the inhomogeneous part of this
transformation depends only on time. Therefore B;j; has not this part and isin (7, k, j) an



376

objective 3-tensor. Now, tthe matrix A in 5.1 is an antisymmetric matrix depending only
on t and transforms as B like the derivative of a velocity. Then we see that B := B — A¢
is an objective tensor, and it is Bj,/; = B /; as said an objective 3-tensor. Consequently
we get using (5.16)

&'+ Bd=d— Acd=d’ (8:3)

which is an objective vector. Hence

(d])rj + > Birrjde = (d) 1 + > Bigrjdi
k k

= (df + X Bid) ,; — > Budprj = (d;)rj — > Burdrj
k k k

and therefore
k k

d} =d; — 3 Bydy,.
i
Hence the contribution of o, is

04 :— T]/d'd77 -+ n’Ddan
g Zn/di (d,: — ;szdk) + Zn/di,j ((d;)/j — ;Ezkdk’] — ; di’k (DU)Sk]>
% 2]

= Y ad; + Y, () g — S madiBix — 3 ma, ,diriBa
7 1,5 i,k

1,5,k
- Z W/di,jdi’k (Dv)Skj :
4,7,k

In the entropy production o the terms of o, have a counterpart, the spin terms o where
(k,1) — Xy, Hy are antisymmetric,

oy i= — (DL + #*3H) = —(D(dAd )X + d Ad sH)
= =3 (2 0(ded; — dydi) Sy + (didy — dydi)Hyy)

kl g

23 (Y (dyr sy + dydyr;) Sy + didifyg)

kL g

Sy 325 + 3 d (30 2y Sy + Y 2diHy) -
1 k Lj !

k?j
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Hence together with o, we obtain
Oq+ NieToOs =
=2 dl;’j (Mra,, + >0 2100ediS;) + E d,, (174, + Z 270y X5 + Z 271:.dHy)
k,j I j
—and dpBiy — Zﬁ'd i By — > 1a, d'k(DU) kj

4,5,k 1,7,k
=3 0(>d </@J+zﬁwmmzwn
k l

J

+>d ( Mg, — > 0N, + 27 Z (n’sdl’jzklj —0; (n’edlzklj)> + Z QTU'edlﬁkz>
% 7 ;

_Zn’ddk Bie — Y 4, ,dkj Bk — 3 14, d’k(DU) kj °

1,7,k 4,5,k

The first term on the right side goes to the div-term in ¢ and the last term goes to the
Do-term. Moreover, in the middle term the coefficient of d, becomes

N, — Z 8Jn’dk + 27 Z <77 Edl’ Ekl] a'(n’edlzklj)> + Z 27—77’€dlﬁk:l
l

)
5(;1 + ZTZCZ[ <’I7/ Hkl — Z@ (77/ Ekzl]))

With these computations we finally obtain for the entropy production o
o =Duvs ((77 — 0N — 577’€>Id - TI/sHS)
+Vniceq+ 04+ netos + div(yy —nu — n.q)
= Duvs ((77 — onry — eni)Id — 7 I — Z (Vdi®n/Vdi)S> + Vni.eq

- 2}; (m7a:dx + 22 17a, ;i 1) B (8.4)
2, J

1[0
FS (g 2 Sy — S 0i(5y)) )
5dj, ;

+>.0; (%‘ — NV — Neqj + ; d,, (g, + > QTU’sdlzklj)> :
J l

Now we make again usage of the Condition 7.1 and this gives for the B-term
> (racdi + X nra;dir) Bk = — 3 04, ,dj B
ik j ikrj
= —Bi( X nva;@Vd;) = B:( X Vd;®1:v4,)
j J

=D(v— Ug)A :(Z Vd;®@mnva;) =D(v —ve)s (Z Vd;@nv4, )A ;
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since A¢ = Dvg by 5.1 is antisymmetric and therefore B = (Do)* — Ae = (D(v —ve))*. Tt
also holds (D(v — ve))° = (Dv)° and with this (8.4) becomes

o=D(v— vg): ((n —onrp —ene)ld — ZVdi@)T]’Vdi _ U’eHS)
on
+Vnieqg+ > d
et k(édk
+Zaj (1/)3' — NV; —Neq; + Xk:dk (n’dk,j + Zl: QTn’adlEklj)) .
j

+ 27’26[1 (77/ Hu — Zaj(ﬁ’azklj))) (8.5)

This is the general form of the entropy production ¢ under the assumption that the
entropy fulfilles (8.1) and the spin is given by (8.2). This we use for the proof of the main
theorem 2.2 and the applications in Section 3.

9 Classical entropy

In this section we will present a version of the entropy principle which is indicated by the
approach in DeGroot & Mazur [4: Chap.XII §1], which was adopted from Grad [14: §4].
In [4: Chap.XII §1 (20)] this principle is based on the classical Gibbs relation, which
means that 1 depends only on (p, €), that is

n=1(0¢). (9.1)
(It is n = ps with the specific entropy s in DeGroot & Mazur, and the Gibbs relation
[4: Chap.XII §1 (20)] is identical to [1: Chap.II1.1.4(3)].)

Therefore in our framework the entropy principle starts with system (2.7) which gives for
oand e
0+ odive =0,

£ + edive = — divqg — Dus I8 —T(Dys” E+YSP.H)

where .7*P3H = .*P$H by 5.2 with an objective matrix H. Therefore we conclude for 7
by (9.1)

n= n/gé + e = —(on1p + €nre) dive — 0/ divg
—nDus TP — ne7(DSP2E + S*P2H) .

Now the entropy inequality (7.1) gives, with the Clausius-Duhem term ¢ = nv + 7..q,
0 <o =0mn+ divp = On + div(nv + 1..q)
=1+ ndive + div(n.q)

=Dovs((n— onrp —en)ld — 0 IP) + Vinpioeg
e (DS )

(9.2)

This residual inequality gives rise to the following theorem, where 67,. = 1, where we
remark that v is the classical Clausius-Duhem flux.
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9.1 Theorem. Let us consider solutions of system (2.7) and let us consider the classical
entropy and Clausius-Duhem flux

n=n(e.e), Y=nu+n.q.
Then the entropy principle is satisfied, where in the system (2.7)
M=pld—S, p:=00n—on,—en.), —-28*=H-T, (9.3)
holds, and the residual inequality reads
0<0=Vn.eq+n.(DvsS —7(DFPT +.773H)). (9.4)

Remark: In standard settings it is I = 0.

Proof. In the entropy estimate in (9.2) we set II° = pId — S® and obtain the residual
inequality (9.4). The antisymmetric part IT* satisfies —25* = 211" = H—T, see the
equation (5.14). O

In this theorem the dynamical system (2.7) becomes
0o+ div(ov) =0,
d(ov) + div(ovv" +pld — S) = f, (9.5)
o(F" — (A ")) + divE =H =T — 25*

and in addition the energy equation (9.7) has to be satisfied and the residual inequality
(9.4) has to hold. We assume that this inequality is satisfied by

0< o= Vneeg+n.DvsS +n.1 (- (DISPIE+ . 773H)) .
L I L I (9.6)
>0 =:0,>0

The second inequality has as consequence of the spin equation that the estimate
S177P)° + div(#738) = DI 78+ SV H = 0, <0

has to hold, which follows since .#*P$ (A&S”SP)A = 0. This is part of the equation for
the total energy, see (2.5). Therefore, if ¥ = 0, the L? integral of the spin has to stay
bounded. We mention that the equation for the inner energy ¢ becomes

£+ (e + p) dive + divg = (Dv)° 25 + 70, . (9.7)

We mention that the pressure tensor II, as example, has the form of Grad [14: (4.30)]:

9.2 Example. We take in 9.1 for the spin equation

Y= —uDS?, H:i=—2p. 7" with py,pe >0,
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and we choose for the symmetric part of the stress tensor S as for Navier-Stokes
2
S5 = AL (2(Dv)s - 5(divv)ld) FO2(dive)Ild  with A >0 for k= 1,2,

and for the antisymmetric part 25* = —H provided T’ = 0, so that with the Fourier law
for ¢ by (9.6) the entropy production o > 0. So together we get for the stress tensor

2

S =\ (Q(DU)S 3(divv)1d> FO2(dive) Id + . (9.8)

and the spin equation becomes with I' = 0

o(F — (A PV + div(—DSP) = 2.7 . (9.9)
The spin one can imagine as expression of an unknown antisymmetric matrix €2 as
— 7 = py(Q — (Dv)*)  with i3 >0,

where the “internal angular momentum” €2 transforms like QoY = QQ" + Q0 Q", which
is the same transformation rule as the “external angular momentum” (DU)A has, so that
the difference .7 = p((Dv)* — Q) is an objective tensor as it should be. With this
choice the stress tensor becomes setting 2A\3 1= jioju3 > 0

S =l (2(DU)S - %( div v)Id) + A2(dive) Id + X*(2(Do)* — 20)

where “A! and A2 are the usual coefficients of shear and bulk viscosity, while A3 is a
new viscosity coefficient”; this is identical to [14: (4.30)]. It is © the internal angular
momentum which one sees from outside, the spin .77 := u3(Q — (Dv)*) is the relative
eigen-rotation of the particle.

This is the result if the entropy 1 has no contribution from the spin .. The spin is only
present in the total energy e in (2.5), and of course in the underlying system (2.1), which is
part of (2.7). This situation is considered in H. Grad (1952) [14] and in DeGroot & Mazur
(1962) [4]. They showed this without considering the objectivity at all, and the derivation
therefore is generally doubted, because this is due to a not correct energy equation, see
[4: Chap.I1§4 (36)]. We have shown in this section by a rigorous application of the energy
equation that, despite of what is said previously, the result of Grad is correct.
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